Exotic Heat PDE's.II by Prástaro, Agostino
ar
X
iv
:1
00
9.
11
76
v3
  [
ma
th.
GM
]  
30
 N
ov
 20
10
EXOTIC HEAT PDE’S.II
AGOSTINO PRA´STARO
Department of Methods and Mathematical Models for Applied Sciences, University of Rome ”La
Sapienza”, Via A.Scarpa 16, 00161 Rome, Italy.
E-mail: Prastaro@dmmm.uniroma1.it
This paper is dedicated to Stephen Smale in occasion of his 80th birthday
Abstract. Exotic heat equations that allow to prove the Poincare´ conjecture
and its generalizations to any dimension are considered. The methodology used
is the PDE’s algebraic topology, introduced by A. Pra´staro in the geometry of
PDE’s, in order to characterize global solutions. In particular it is shown that
this theory allows us to identify n-dimensional exotic spheres, i.e., homotopy
spheres that are homeomorphic, but not diffeomorphic to the standard Sn.
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1. Introduction
”How exotic are exotic spheres ?”
The term ”exotic sphere” was used by J. Milnor to characterize smooth manifolds
that are homotopy equivalent and homeomorphic to Sn, but not diffeomorphic to
Sn.1 This strange mathematical phenomenon, never foreseen before the introduc-
tion just by J. Milnor of the famous 7-dimensional exotic sphere [29], has stim-
ulated a lot of mathematical research in algebraic topology. The starting points,
were, other than the cited paper by J. W. Milnor, also a joint paper with M. A.
Kervaire [26] and some papers by S. Smale [56], Freedman [13] and J. Cerf [6] on
generalizations of the Poincare´ conjecture in dimension n ≥ 4. There the princi-
pal mathematical tools utilized were Morse theory (Milnor), h-cobordism theory
(Smale), surgery techniques and Hirzebruch signature formula. Surprising, from
this beautiful mathematical architecture was remained excluded just the famous
1In this paper we will use the following notation: ≈ homeomorphism; ∼= diffeomorphism; ≅
homotopy equivalence; ≃ homotopy.
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Poincare´ conjecture for 3-dimensional manifolds. In fact, the surgery techniques
do not give enough tools in low dimension (n < 5), where surgery obstructions
disappear. Really, it was necessary to recast the Poincare´ problem as a problem
to find solutions in a suitable PDE equation (Ricci flow equation), to be able to
obtain more informations just on dimension three. (See works by R.S. Hamilton
[18, 19, 20, 21, 22], G. Perelman [34, 35] and A. Pra´staro [51, 1].) The idea by
R. S. Hamilton to recast the problem in the study of the Ricci flow equation has
been the real angular stone that has allowed to look to the solution of the Poincare´
conjecture from a completely new point of view. In fact, with this new prospective
it was possible to G. Perelman to obtain his results and to A. Pra´staro to give a
new proof of this conjecture, by using his PDE’s algebraic topologic theory. To this
respect, let us emphasize that the usual geometric methods for PDE’s (Spencer,
Cartan), were able to formulate for nonlinear PDE’s, local existence theorems only,
until the introduction, by A. Pra´staro, of the algebraic topologic methods in the
PDE’s geometric theory. These give suitable tools to calculate integral bordism
groups in PDE’s, and to characterize global solutions. Then, on the ground of inte-
gral bordism groups, a new geometric theory of stability for PDE’s and solutions of
PDE’s has been built. These general methodologies allowed to A. Pra´staro to solve
fundamental mathematical problems too, other than the Poincare´ conjecture and
some of its generalizations, like characterization of global smooth solutions for the
Navier-Stokes equation and global smooth solutions with mass-gap for the quantum
Yang-Mills superequation. (See [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52].2)
The main purpose of this paper is to show how, by using the PDE’s algebraic
topology, introduced by A. Pra´staro, one can prove the Poincare´ conjecture in
any dimension for the category of smooth manifolds, but also to identify exotic
spheres. In the part I [53] we have just emphasized as in dimension 3, the method
followed by A. Pra´staro allows us to prove the Poincare´ conjecture and to state also
that 3-dimensional homotopy spheres are diffeomorphic to S3. (Related problems
are considered there too.) In the framework of the PDE’s algebraic topology, the
identification of exotic spheres is possible thanks to an interaction between integral
bordism groups of PDE’s, conservation laws, surgery and geometric topology of
manifolds. With this respect we shall enter in some details on these subjects, in
order to well understand and explain the meaning of such interactions. So the
paper splits in three sections other this Introduction. 2. Integral bordism groups
in Ricci flow PDE’s. 3. Morse theory in Ricci flow PDE’s. 4. h-Cobordism in
Ricci flow PDE’s. The main result is contained just in this last section and it is
Theorem 4.59 that by utilizing the previously results considered states (and proves)
the following.3
Theorem 4.59. The generalized Poincare´ conjecture, for any dimension n ≥ 1 is
true, i.e., any n-dimensional homotopy sphere M is homeomorphic to Sn: M ≈ Sn.
For 1 ≤ n ≤ 6, n 6= 4, one has also that M is diffeomorphic to Sn: M ∼= Sn. But
for n > 6, it does not necessitate that M is diffeomorphic to Sn. This happens
when the Ricci flow equation, under the homotopy equivalence full admissibility
hypothesis, (see below for definition), becomes a 0-crystal.
2See also Refs. [1, 2, 54], where interesting related applications of the PDE’s Algebraic Topol-
ogy are given.
3In order to allow a more easy understanding, this paper has been written in a large expository
style.
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Moreover, under the sphere full admissibility hypothesis, the Ricci flow equation
becomes a 0-crystal in any dimension n ≥ 1.
2. INTEGRAL BORDISM GROUPS IN RICCI FLOW PDE’s
In this section we shall characterize the local and global solutions of the Ricci
flow equation, following the geometric approach of some our previous works on
this equation [41, 51, 49, 1]. Let M be a n-dimensional smooth manifold and let us
consider the following fiber bundle π¯ : E ≡ R× S˜02M → R×M , (t, xi, yij)1≤i,j≤n 7→
(t, xi) ≡ (xα)0≤α≤n, where S˜02M ⊂ S02M is the open subbundle of non-degenerate
Riemannian metrics on M . Then the Ricci flow equation is the closed second
order partial differential relation, (in the sense of Gromov [17]), on the fiber bundle
π¯ : E → R × M , (RF ) ⊂ JD2(E), defined by the differential polynomials on
JD2(E) given in (1):
(1)

Fjl ≡ |y|[yik](yil,jk + yjk,il − yjl,ik − yik,jl)
+[yik][yrs]([jk, r][il, s]− [jl, r][ik, s]) + |y|
2
2 yjl,t
≡ Sjl(yrs, yrs,α, yrs,pq) + |y|
2
2 yjl,t = 0,
where [ij, r] are the usual Christoffels symbols, given by means of the coordinates
yrs,i, |y| = det(yik), and [yik] is the algebraic complement of yik. The ideal p ≡<
Fjl > is not prime in R[yrs, yrs,α, yrs,ij ]. However, an irreducible component is
described by the system in solved form: yrs,t = − 2|y|2Sjl. This is formally integrable
and also completely integrable.4 In fact,
(2)

dim JD2+s(E) = n+ 1 +
∑
0≤r≤2+s
(n+1)n
2
(n+r)!
r!n!
dim(RF )+s = n+ 1 +
(n+1)n
2 [
∑
0≤r≤2+s
(n+r)!
r!n! −
∑
0≤r′≤s
(n+r′)!
r′!n! ]
dim g2+s =
(n+1)n
2
(n+2+s)!
(2+s)!n! − (n+1)n2 (n+s)!s!n! .
Therefore, one has: dim(RF )+s = dim(RF )+(s−1) + dim g2+s. This assures that
one has the exact sequences in (3).
(3) (RF )+s // (RF )+(s−1) // 0 , s ≥ 1.
One can also see that the symbol g2 is not involutive. By the way a general
theorem of the formal geometric theory of PDE’s assures that after a finite number
of prolongations, say s, the corresponding symbol g2+s becomes involutive. (See
refs.[16, 40].) Then, taking into account the surjectivity of the mappings (3), we get
that (RF ) is formally integrable. Furthermore, from the algebraic character of this
equation, we get also that is completely integrable. Therefore, in the neighborhood
of any of its points q ∈ (RF ) we can find solutions. (These can be analytic ones,
but also smooth if we consider to work on the infinity prolongation (RF )+∞, where
the Cartan distribution is ”involutive” and of dimension (n + 1).) Finally, taking
into account that dim(RF ) > 2(n + 1) + 1 = 2n + 3, we can use Theorem 2.15
in [41] to calculate the n-dimensional singular integral bordism group, Ω
(RF )
n,s , for
n-dimensional closed smooth admissible integral manifolds bording by means of
(singular) solutions. (Note that the symbols of (RF ) and its prolongations are
4We shall denote with the same symbol (RF ) the corresponding algebraic manifold. For a
geometric algebraic theory of PDE’s see the monograph [40], and references quoted there.
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non-zero.) This group classifies the structure of the global singular solutions of the
Ricci-flow equation. One has:
(4) Ω(RF )n,s
∼=
⊕
r+s=n
Hr(M ;Z2)⊗Z2 Ωs,
where Ωs is the bordism group for s-dimensional closed smooth manifolds.
5
It is important to underline that with the term ”n-dimensional closed smooth admis-
sible integral manifolds” we mean smooth integral manifolds, N ⊂ (RF ) ⊂ JD2(E),
that diffeomorphically project on their image on E, via the canonical projection
π2,0 : JD
2(E)→ E. In [51] we have proved, that any smooth section g :M → S˜02M ,
identifies a space-like n-dimensional smooth integral manifold N ⊂ (RF ), and that
for such a Cauchy manifold pass local smooth solutions, contained in a tubular neig-
bourhood N × [0, ǫ) ⊂ (RF ), for suitable ǫ > 0. Therefore, we can represent any
n-dimensional smooth compact Riemannian manifold (M,γ) as a space-like Cauchy
manifold N0 ⊂ (RF )t0 , for some initial time t0, and ask if there are solutions that
bord N0 with (S
n, γ′), where γ′ is the canonical metric of Sn, identified with an-
other space-like Cauchy manifold N1 ⊂ (RF )t1 , with t0 < t1. The answer depends
on the class of solution that we are interested to have. For weak-singular solutions
the corresponding integral bordism group Ω
(RF )
n,s is given in (4). The relation with
the integral bordism group Ω
(RF )
n , for smooth solutions of (RF ) is given by the
exact commutative diagram (5) where is reported the relation with the bordism
group Ωn for smooth manifolds.
(5) 0
!!C
C
C
C
C
C
C
C 0

K
(RF )
n
##G
GG
GG
GG
GG
// K
(RF )
n,s;n

// 0
0 // K(RF )n,s
OO
// Ω
(RF )
n
c
$$H
HH
HH
HH
HH
a // Ω(RF )n,s
b

// 0
0
OO
// Ωn

0
Theorem 2.1. Let M in the Ricci flow equation (RF ) ⊂ JD2(E) ⊂ J2n(W ) be
a smooth compact n-dimensional manifold homotopy equivalent to Sn. Then the
n-dimensional singular integral bordism group of (RF ) is given in (6).
(6) Ω(RF )n,s = Ωn
⊕
Z2.
5We used the fact that the fiber of E →M is contractible.
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Then one has the exact commutative diagram given in (7)
(7) 0
!!C
C
C
C
C
C
C
C 0

K
(RF )
n
##G
GG
GG
GG
GG
// K
(RF )
n,s;n

// 0
0 // K(RF )n,s
OO
// Ω
(RF )
n
c
%%J
JJ
JJ
JJ
JJ
J
a // Ωn
⊕
Z2
b

// 0
0
OO
// Ωn

0
One has the isomorphisms reported in (8).
(8)

(a) : Ω
(RF )
n /K
(RF )
n,s
∼= Ω(RF )n,s
(b) : Ω
(RF )
n /K
(RF )
n
∼= Ωn
Proof. Since we have assumed that M is homotopy equivalent to Sn, (M ≅ Sn),
we can state that M has the same homology groups of Sn. Therefore we get the
isomorphisms reported in (9).
(9) Hp(M ;Z2) ∼= Hp(Sn;Z2) ∼=
{
Z2 , p = 0, n
0 , otherwise
Therefore, taking into account (4) we get the isomorphism (6). 
Example 2.2. In Tab. 1 we report some explicitly calculated cases of integral
singular bordism groups for 1 ≤ n ≤ 7.
Table 1. Examples of singular integral bordism groups for n-
dimensional homotopy spheres
n Ω
(RF )
n,s
1 Z2
2 Z2 ⊕ Z2
3 Z2
4 Z2 ⊕ Z2 ⊕ Z2
5 Z2 ⊕ Z2
6 Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2
7 Z2 ⊕ Z2
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3. MORSE THEORY IN RICCI FLOW PDE’s
Let us now give the fundamental theorem that describe quantum tunnel effects in
solutions of PDEs, i.e., the change of sectional topology in the (singular) solutions
of (RF ).
Theorem 3.1 (Topology transitions as quantum tunnel effects in Ricci flow equa-
tion). Let N0, N1 ⊂ (RF ) ⊂ JD2(E) be space-like Cauchy manifolds of (RF ),
at two different times t0 6= t1. Let V ⊂ (RF ) be a (singular) solution such that
∂V = N0 ⊔N1. Then there exists an admissible Morse function f : V → [a, b] ⊂ R
such that:
(A) (Simple quantum tunnel effect). If f has a critical point q of index k then there
exists a k-cell ek ⊂ V −N1 and an (n− k + 1)-cell e∗n−k+1 ⊂ V −N0 such that:
(i) ek ∩N0 = ∂ek;
(ii) e∗
n−k+1 ∩N1 = ∂e∗n−k+1;
(iii) there is a deformation retraction of V onto N0 ∪ ek;
(iv) there is a deformation retraction of V onto N1 ∪ e∗n−k+1;
(v) e∗
n−k+1 ∩ ek = q; e∗n−k+1 ⋔ ek.
(B) (Multi quantum tunnel effect). If f is of type (ν0, · · · , νn+1) where νk denotes
the number of critical points with index k such that f has only one critical values c,
a < c < b, then there are disjoint k-cells eki ⊂ V \N1 and disjoint (n− k + 1)-cells
(e∗)
n−k+1
i ⊂ V \N0, 1 ≤ i ≤ νk, k = 0, · · · , n+ 1, such that:
(i) eki ∩N0 = ∂eki ;
(ii) e∗
n−k+1
i ∩N1 = ∂e∗n−k+1i ;
(iii) there is a deformation retraction of V onto N0
⋃{∪i,k(e∗)ki };
(iv) there is a deformation retraction of V onto N1
⋃{∪i,k(e∗)n−ki };
(v) (e∗)
n−k
i ∩ eki = qi; (e∗)n−k+1i ⋔ eki .
(C) (No topology transition). If f has no critical point then V ∼= N0 × I where
I ≡ [0, 1].
Proof. The proof can be conducted by adapting to the Ricci flow equation (RF )
Theorem 23 in [36]. Let us emphasize here some important lemmas only.
Lemma 3.2 (Morse-Smale functions). 1) On a closed connected compact smooth
manifold M , there exists a Morse function f :M → R such that the critical values
are ordened with respect to the indexes, i.e., f(xλ) = f(xµ), if λ = µ, and f(xλ) >
f(xµ), if λ > µ, where xλ, (resp. xµ), is the critical point of f with index λ (resp.
µ). Such functions are called regular functions, or Morse-Smale functions, and
are not dense in C∞(M,R), as Morse functions instead are. Furthermore, such
functions can be chosen in such a way that they have an unique maximum point
(with index λ = n = dimM), and an unique minimum point (with index λ = 0).
2) To such functions are associated vector fields ζ = grad f : M → TM such that
ζ(xλ) = 0 iff xλ is a critical point. Then in a neighborhood of a xλ, the integral
curves of ζ are of two types: ingoing in xλ, and outgoing from xλ. These fit in two
different disks Dλ and Dn−λ contained in M called separatrix diagram. (See Fig.
1.)
Lemma 3.3 (Morse functions and CW complexes). 1) Let M be a compact n-
dimension manifold and f : M → [a, b] an admissible Morse function of type
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(ν0, · · · , νn) such that ∂M = f−1(b). Then M has the homotopy type of a fi-
nite CW complex having νk cells at each dimension k = 0, · · · , n. Furthermore
(M,∂M) has the homotopy type of a CW-pair of dimension n.
Furthermore (M, f−1(a)) has the homotopy of relative CW complex having νk cells
of dimension k, for each k = 0, · · · , n.6
2) An n-dimension manifold M has the homotopy type of a CW complex of dimen-
sion ≤ n.
3) Let M be a compact manifold and N ⊂ M a compact submanifold with ∂N =
∂M = ∅. Then (M,N) has the homotopy type of CW pair.
4) The cell decomposition of a closed connected compact smooth manifold M , re-
lated to a Morse-Smale function, is obtained attaching step-by-step a cell of higher
dimension to the previous ones.
Lemma 3.4 (Homological Euler characteristic). 1) If the compact solution V of
(RF ) is characterized by an admissible Morse function f : V → [a, b] of type
(ν0, · · · , νn+1), then its homological Euler characteristic χhom(V ) is given by the
formula (10).
(10) χhom(V ) =
∑
0≤k≤(n+1)
(−1)kβk, βk = dimF Hk(V, f−1(a);F )
where F is any field.7 Furthermore, if f−1(a) = ∅, then βk in (10) is given by
βk = dimF Hk(V ;F ), and χhom(V ) = χ(V ).
2) If M is a compact odd dimensional manifold with ∂M = ∅, then χhom(M) = 0.
3) Let M be a compact manifold such that its boundary can be divided in two
components: ∂M = ∂−M
⋃
∂+M , then χhom(M,∂+M) = χhom(M,∂−M).
4) Let M be a compact manifold such that ∂M = N0 ⊔ N1, with Ni, i = 0, 1,
disjoint closed sets. Let f : M → R be a C2 map without critical points, such
that f(N0) = 0, f(N1) = 1. Then one has the diffeomorphisms: M ∼= N0 × I,
M ∼= N1 × I.
5) Let M be a compact n-dimensional manifold with ∂M = ∅, such that has a
Morse function f :M → R with only two critical points. Then M is homeomorphic
to Sn.
6A relative CW complex (Y,X) is a space Y and a closed subspace X such that Y =
∞⋃
r=−1
Yr ,
such that X = Y−1 ⊂ Y0 ⊂ · · · , and Yr is obtained from Yr−1 by attaching r-cells.
7Let Hk(Y,X;F ) denote the singular homology group of the pair (Y,X) with coefficients in
the field F . βk = dimF Hk(Y,X;F ) are called the F -Betti numbers of (Y,X). If these numbers
are finite and only finitely are nonzero, then the homological Euler characteristic of (Y,X) is
defined by the formula: χhom(Y,X) =
∑
0≤k≤∞(−1)
kβk. When Y is a compact manifold and
X is a compact submanifold, then χhom(Y,X) is defined. The evaluation of homological Euler
characteristic for topological spaces coincides with that of Euler characteristic for CW complexes
X given by χ(X) =
∑
i≥0(−1)
iki, where ki is the number of cells of dimension i. For closed
smooth manifolds M , χ(M) coincides with the Euler number, that is the Euler class of the
tangent bundle TM , evalued on the fundamental class of M . For closed Riemannian manifolds,
χ(M) is given as an integral on the curvature, by the generalized Gauss-Bonnet theorem: χ(V ) =
1
(2π)n
∫
V
Pf(Ω), where ∂V = ∅, dimV = 2n, Ω is the curvature of the Levi-Civita connection and
Pf(Ω) = 1
2nn!
∑
σ∈S2n
ǫ(σ)
∏n
i=1 Ωσ(2i−1)σ(2i), where (Ωrs) is the skew-symmetric (2n) × (2n)
matrix representing Ω : V → so(2n)
⊗
Λ02(V ), hence Pf(Ω) : V → Λ
0
2n(V ). In Tab. 2 are
reported some important properties of Euler characteristic, that are utilized in this paper.
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Table 2. Euler characteristic χ: properties and examples.
Definition χ Remarks Examples
∂V = ∅, dimV = 2n+ 1, n ≥ 0 χ(V ) = 0 (from Poincare´ duality)
M ≅ N χ(M) = χ(N) from H•(M) ∼= H•(N) χ(pt) = 1
(homotopy equivalence) χ(Sn) = 1 + (−1)n = 0 (n = odd), 2 (n = even)
χ(D3) = χ(P 3) = χ(Rn) = 1, P 3=convex polyhedron)
χ(S2) = χ(∂P 3) = 2, ∂P 3=surface convex polyhedron)
V =M ⊔N χ(V ) = χ(M) + χ(N) (from homology additivity) χ(S2 ⊔ · · · ⊔ S2︸ ︷︷ ︸
n
) = 2n
excision couple χ(M ∪N) = χ(M) + χ(N) − χ(M ∩N) χ(S2) = χ(D2) + χ(D2) − χ(S1) = 1 + 1− 0 = 2
(M,N) χ(Klb) = χ(Mob) + χ(Mob)− χ(S
1) = 0 + 0− 0 = 0
χ(Crc
⋃
S1 D
2 = RP 2) = χ(Mob) + χ(D
2)− χ(S1) = 0 + 1− 0 = 1
V =M ×N χ(V ) = χ(M).χ(N) χ(Tn) = χ(S1 × · · · × S1︸ ︷︷ ︸
n
) = 0
p : V →M χ(V ) = χ(F ).χ(M) (from Serre-spectral sequence) Sn → RPn: χ(Sn) = χ({1,−1}).χ(RPn) = 2.χ(RPn)
orientable fibration over field (also from transfer map) χ(RPn) = 0 (n = odd), 1 (n = even).
with fibre F (τ : H•(M)→ H•(V ))
M path-connected (p• ◦ τ = χ(F ).1H•(M))
p : V →M χ(V ) = k.χ(M) p : Mob → S
1: Mob=Mo¨bius strip: χ(Mob) = 2χ(S
1) = 0
k-sheeted covering
V = ∂M , dimM = 2n, n ≥ 0 χ(V ) = 2m, m ≥ 0 (from excision couple) RP 2n 6= ∂M , since χ(RP 2n) = 1
χ : ΩO2i → Z is a surjective mapping for i ≥ 1 and an isomorphism for i = 1.
χ(∂P 3) = V −E + F , V=vertex-number, E=edge-number, F=face-number.
Closed oriented surfaces: χ = 2− 2g, g=genus, (number of handles).
Closed nonorientable surfaces: χ = 2− κ, κ=nonorientable genus, (number of real projective planes in a connected decomposition).
Examples of nonorientable surfaces: Klb= Klein bottle (∂Klb = ∅); Mob= Mo¨bius strip (∂Mob = S
1); RP 2= Projective plane (∂RP 2 = ∅).
Examples of nonorientable surfaces: Crc ≅Mob= cross-cap: surface homotopy equivalent to Mo¨bius strip.
Lemma 3.5. Let X and Y be closed compact differentiable manifolds without
boundaries, then there exists a compact manifold V , such that ∂V = X ⊔ Y iff
Y is obtained from X by a sequence of surgeries. (For details see below Theorem
4.12.)

Theorem 3.6 (Smooth solutions and characteristic vector fields). The characteris-
tic vector field ξ, propagating a space-like n-dimensional smooth, compact, Cauchy
manifold N ⊂ V , where V is a smooth solution of (RF ), hence a time-like, (n+1)-
dimensional smooth integral manifold of (RF ), cannot have zero points.
Proof. In fact, the characteristic vector field ξ coincides with the time-like ζ0 ≡
∂x0+
∑
|β|≥0 y
j
αβ∂y
β
j , where y
j
αβ are determined by the infinity prolongation (RF )+∞
of (RF ). Therefore such a vector field cannot have zero points on a compact smooth
solution V , of (RF ), such that ∂V = N0 ⊔N1. On the other hand, if f : V → R is
the Morse function whose gradient gives just the vector field ξ, then f cannot have
critical points.8 
Corollary 3.7. A (n + 1)-dimensional smooth, compact, manifold V ⊂ (RF ),
smooth solution of (RF ), such that ∂V = N0 ⊔N1, where Ni, i = 0, 1, are smooth
Cauchy manifolds, cannot produce a change of topology from N0 to N1, hence these
manifolds must necessarily be homeomorphic.
The following theorem emphasizes the difference between homeomorphic manifolds
and diffeomorphic ones.
Theorem 3.8 (Exotic differentiable structures on compact smooth manifolds). Let
M and N be n-dimensional homeomorphic compact smooth manifolds. Then it does
not necessitate that M is diffeomorphic to N .
8Let us recall that a compact connected manifold M with boundary ∂M 6= ∅, admits a
nonvanishing vector field. Furthermore, a compact, oriented n-dimensional submanifoldM ⊂ R2n
has a nonvanishing normal vector field. Therefore, above statements about smooth solutions of
(RF ) agree with well known results of differential topology. (See, e.g. [24].
EXOTIC HEAT PDE’S.II 9
Proof. SinceM is considered homeomorphic to N , there exist continuous mappings
f : M → N and g : N → M , such that g ◦ f = idM , and f ◦ g = idN . Let us
consider, now, the following lemma.
Lemma 3.9. Let M and N be Cs manifolds, 1 ≤ s ≤ ∞, without boundary. Then
Cs(M,N) is dense in CrS(M,N), (in the strong topology), 0 ≤ r < s.
Proof. See, e.g., [24]. 
From Lemma 3.9 we can state that the above continuous mappings f and g can
be approximated with differentiable mapping, but these do no necessitate to be
diffeomorphisms. In fact we have the following lemma.
Lemma 3.10. Let Gk(M,N) ⊂ Ck(M,N), k ≥ 1, denote any one of the follow-
ing subsets: diffeomorphisms, embeddings, closed embeddings, immersions, submer-
sions, proper maps. Let M and N be compact Cs manifolds, 1 ≤ s ≤ ∞, without
boundary. Then Gs(M,N) is dense in Gr(M,N) in the strong topology, 1 ≤ r < s.
In particular, M and N are Cs diffeomorphic iff they are Cr diffeomorphic with
r ≥ 1.
Proof. See, e.g., [24]. 
Above lemma can be generalized also to compact manifolds with boundary. In fact,
we have the following lemma.
Lemma 3.11. Let us consider compact manifolds with boundary. Then the follow-
ing propositions hold.
(i) Every Cr manifold M , 1 ≤ r <∞, is C∞ diffeomorphic to a C∞ manifold and
the latter is unique up to C∞ diffeomorphisms.
(ii) Let (M,∂M) and (N, ∂N), be Cs manifold pairs, 1 ≤ s ≤ ∞. Then, the
inclusion Cs(M,∂M ;N, ∂N) →֒ Cr(M,∂M ;N, ∂N), 0 ≤ r < s, is dense in the
strong topology. If, 1 ≤ r < s and (M,∂M) and (N, ∂N) are Cr diffeomorphic,
they are also Cs diffeomorphic.
Proof. See, e.g., [24]. 
Therefore, it is not enough to assume that compact smooth manifolds should be
homeomorphic in order to state that they are also diffeomorphic, hence the proof
of Theorem 3.8 is complete. (To complement Theorem 3.8 see also Lemma 4.28
and Lemma 4.29 below.) 
From Theorem 3.8 we are justified to give the following definition.
Definition 3.12. Let M and N be two n-dimensional smooth manifolds that are
homeomorphic but not diffeomorphic. Then we say that N is an exotic substitute
of M .
Example 3.13. The sphere S7 has 28 exotic substitutes, just called exotic 7-
dimensional spheres. (See [29, 26].) These are particular 7-dimensional manifolds,
built starting from oriented fiber bundle pairs over S4. More precisely let us consider
(D4, S3)→ (W,V )→ S4. The 4-plane bundle D4 → S4 is classified by the isomor-
phism [S4, BSO(4)] ∼= Z⊕Z, given by ω 7→ (14 (2χ(ω) + p1(ω)), 14 (2χ(ω)− p1(ω))),
where χ(ω), p1(ω) ∈ H4(S4) = Z are respectively the Euler number and the Pontr-
jagin class of ω, (related by the congruence p1(ω) = 2χ(ω) (mod 4). Let us denote
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by (W (ω), V (ω)) the above fiber bundle pair identified by ω. The homology groups
of V (ω)→ S4, are given in (11).9
(11) Hp(V (ω)) =

Z if p = 0, 7
coker (χ(ω) : Z→ Z) if p = 3
ker(χ(ω) : Z→ Z) if p=4
0 otherwise.
The Euler number χ(ω) is the Hopf invariant of J(ω) ∈ π7(S4), i.e., χ(ω) =
Hopf(J(ω)) ∈ Z. If χ(ω) = 1 ∈ Z, then V (ω) is a homotopy 7-sphere which
is boundary of an oriented 8-dimensional manifold W (ω). In fact +Ω7 = 0 and
for χ(ω) = 1 ∈ Z one has Hp(V (ω)) = Hp(S7). Let k be an odd integer and let
ωk : S
4 → BSO(4) be the classifying map for orientable 4-plane bundle over S4
with p1(ωk) = 2k, χ(ωk) = 1 ∈ Z. There exists a Morse function V (ωk)→ R with
two critical points, such that V (ωk) \ {pt} ∼= R7, hence V (ωk) is homeomorphic to
S7. Let us investigate under which conditions V (ωk) is diffeomorphic to S
7 too.
So let us assume that such diffeomorphism f : V (ωk) ∼= S7 exists. Then let us
consider the closed oriented 8-dimensional manifold M = W (ωk)
⋃
f D
8. For such
a manifold we report in (12) its intersection form and signature.
(12)
{
(H4(M), λ) = (Z, 1)
σ(M) = σ(H4(M), λ) = 1.
By the Hirzebruch signature theorem one has σ(M) =< L2(p1, p2), [M ] >= 1 ∈ Z,
with < L2(p1, p2), [M ] >= 145 (7p2(M)− p1(M)2) = 1 ∈ H8(M) = Z, p1(M) = 2k,
p2(M) =
1
7 (45+ 4k
2) = 47 (k
2 − 1) + 7 ∈ H4(M) = Z. Since p2(M) is an integer, it
follows that must be k2 ≡ 1 (mod 7). This condition on k, comes from the assump-
tion that V (ωk) is diffeomorphic to S
7, therefore, it follows that under the condition
k2 6≡ 1 (mod 7), V (ωk) can be only homeomorphic to S7, but not diffeomorphic,
hence it is an exotic sphere, and M is only a 8-dimensional topological manifold,
to which the Hirzebruch signature theorem does not apply.
Example 3.14. The 4-dimensional affine space R4 has infinity exotic substitutes,
just called exotic R4. (See [11, 13].)
The surgery theory is a general algebraic topological framework to decide if a ho-
motopy equivalence between n-dimensional manifolds is a diffeomorphism. (See,
e.g. [64].) We shall resume here some definitions and results about this theory. In
the following section we will enter in some complementary informations and we will
continue to develop such approach in connection with other algebraic topological
aspects.
Definition 3.15. An n-dimensional geometric Poincare´ complex is a finite CW
complex such that one has the isomorphism Hp(X ; Λ) ∼= Hn−p(X ; Λ), induced by
the cap product, i.e. [ω] 7→ [X ] ∩ [ω], for every Z[π1(X)]-module Λ.
Theorem 3.16 (Geometric Poincare´ complex properties). 1) An n-dimensional
manifold is an n-dimensional geometric Poincare´ complex.
2) Let X be a geometric Poincare´ complex and Y another CW complex homotopy
related to X. Then also Y is a geometric Poincare´ complex.
9Recall that an odd dimensional oriented compact manifold M , with ∂M = ∅ has χ(M) = 0.
In particular χ(S2k+1) = 0, instead χ(S2k) = 2. Furthermore, if M and N are compact oriented
manifolds with ∂M = ∂N = ∅, then χ(M ×N) = χ(M)χ(N).
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3) Any CW complex homotopy equivalent to a manifold is a geometric Poincare´
complex.
4) Geometric Poincare´ complexes that are not homotopy equivalent to a mani-
fold may be obtained by gluing together n-dimensional manifolds with boundary,
(M,∂M), (N, ∂N), having an homotopic equivalence on the boundaries, f : ∂M ≅
∂N , which is not homotopic to a diffeomorphism.
5) (Transfer or Umkehr map). Let f : N →M be a mapping between oriented, com-
pact, closed manifolds of arbitrary dimensions. Then the Poincare´ duality identifies
an homomorphism τ : H•(N ;Z)→ H•−d(M ;Z), where d = dimN − dimM . More
precisely one has the commutative diagram (13) that defines τ .
(13) H•(N ;Z)
DN

τ // H•−d(M ;Z)
HdimN−•(N ;Z)
f∗
// HdimM−•(M ;Z)
D−1M
OO
where d = dimN − dimM . DN and DM are the Poincare´ isomorphisms on N
and M respectively. One has τ(f∗(x) ∪ y) = x ∪ τ(y), ∀x ∈ H•(M ;Z) and y ∈
H•(N ;Z).10
In particular when f : M˜ → M is a covering map, then one can write τ(x)(σ) =
x(
∑
f(σ˜)=σ)σ˜, ∀x ∈ C•(M˜) and σ ∈ C•(M).
Definition 3.17. Let X be a closed n-dimensional geometric Poincare´ complex.
A manifold structure (M, f) on X is a closed n-dimensional manifold M together
with a homotopy equivalence f :M ≅ X. We say hat such two manifold structures
(M, f), (N, g) on X are equivalent if there exists a bordism (F ; f, g) : (V ;M,N)→
X×(I; {0}, {1}), with F a homotopy equivalence. (This means that (V ;M,N) is an
h-cobordism, (see the next section).) Let S(X) denote the set of such equivalence
classes. We call S(X) the manifold structure set of X. S(X) = ∅ means that X
is without manifold structures.
Theorem 3.18 (Manifold structure set properties). 1) S(X) is homotopy invariant
of X, i.e., a homotopy equivalence f : X ≅ Y induces a bijection S(X)→ S(Y ).
2) A homotopy equivalence f : M ≅ N of n-dimensional manifolds determines an
element (M, f) ∈ S(N), such that f is h-cobordant to 1 : N → N iff (M, f) ∈
[(N, 1)] ∈ S(N).
3) Let M be a n-dimensional closed differentiable manifold. If S(X) = {pt} then
M does not admit exotic substitutes.
4) (Differential structures by gluing manifolds together). Let M and N be n-
dimensional manifolds such that their boundary are diffeomorphic: ∂M ∼= ∂N .
Let α and β be two differential structures on M
⋃
f N that agree with the differ-
ential structures on M and N respectively. Then there exists a diffeomorphism
h : Wα ∼= Wβ such that h|M = 1M .
Definition 3.19. A degree 1 normal map from an n-dimensional manifold M to
an n-dimensional geometric Poincare´ complex X is given by a couple (f, b), where
f : M → X is a mapping such that f∗[M ] = [X ] ∈ Hn(X), and b : νM → η is
10If f : N → M is an orientable fiber bundle with compact, orientable fiber F , integra-
tion over the fiber provides another definition of the transfer map: τ : H•
de−Rham
(N) →
Hde−Rham(M)
•−r , where r = dimF .
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a stable bundle map over f , from the stable normal bundle νM : M → BO to the
stable bundle η : X → BO. We write also (f, b) :M → X.
Theorem 3.20 (Obstructions for manifold structures on geometric Poincare´ com-
plex). 1) Let X be an n-dimensional geometric Poincare´ complex. Then the crite-
rion to decide if X is homotopy equivalent to an n-dimensional manifold M , is to
verify that are satisfied the following two conditions.
(i) X admits a degreee 1 normal map (f, b) : M → X. This is the case when the
map t(νX) : X → B(G/O), given in (14), is null-homotopic.
(14) X
t(νX )
<<
// BG // B(G/O)
Then there exists a null-homotopy t(νX) ≃ {∗} iff the Spivak normal fibration
νX : X → BG = lim−→
k
BG(k) admits a vector bundle reduction ν˜X : X → BO.
(ii) (f, b) :M → X is bordant to a homotopy equivalence (g, h) : N ≅ X.
2) (J. H. C. Whitehad’s theorem). f : M → X is a homotopy equivalence iff
π∗(f) = 0. Let n = 2k, or n = 2k + 1. It is always possible to kill πi(f), for i ≤ k,
i.e., there is a bordant degree 1 normal map (h, b) : N → X, with πi(h) = 0 for
i ≤ k. There exists a normal bordism of (f, b) to a homotopy equivalence iff it is
also possible kill πk+1(h). In general there exists an obstruction to killing πk+1(h),
which for n ≥ 5 is of algebraic nature.
3) (C. T. C. Wall’s surgery obstruction theorem).[64] For any group π there are
defined algebraic L-groups Ln(Z[π]) depending only on n(mod 4) as group of stable
isomorphism classes of (−1)k-quadratic forms over Z[π] for n = 2k, or as group
of stable automorphisms of such forms for n = 2k + 1. An n-dimensional degree
1 normal map (f, b) : N → X has a surgery obstruction σ∗(f, b) ∈ Ln(Z[π1(X)]),
such that σ∗(f, b) = 0 if (and for n ≥ 5 only if) (f, b) is bordant to a homotopy
equivalence.
Example 3.21. The simply-connected surgery obstruction groups are given in Tab.
3. In particular, we have the following.
Table 3. Simply connected surgery obstruction groups
n (mod 4) 0 1 2 3
Ln(Z) Z 0 Z2 0
• The surgery obstruction of a 4k-dimensional normal map (f, b) : M → X with
π1(X) = {1} is σ∗(f, b) = 18σ(K2k(M), λ) ∈ L4k(Z) = Z, with λ the nonsingular
symmetric form on the middle-dimensional homology kernel Z-module
K2k(M) = ker(f∗ : H2k(M)→ H2k(X)).
• The surgery obstruction of a (4k + 2)-dimensional normal map (f, b) : M →
X with π1(X) = {1} is σ∗(f, b) = Arf(K2k+1(M ;Z2), λ, µ) ∈ L4k+2(Z) = Z2,
with λ, µ the nonsingular quadratic form on the middle-dimensional homology Z2-
coefficient homology kernel Z2-module
K2k+1(M ;Z2) = ker(f∗ : H2k+1(M ;Z2)→ H2k+1(X ;Z2)).
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Table 4. Calculated groups Θn for 1 ≤ n ≤ 20 and some related groups.
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Θn 0 0 0 0 0 0 Z28 Z2 Z8 Z6 Z992 0 Z3 Z2 Z16256 Z2 Z16 Z16 Z523264 Z24
bPn+1 0 0 0 0 0 0 Z28 0 Z2 0 Z992 0 0 0 Z8128 0 Z2 0 Z261632 0
Θn/bPn+1 0 0 0 0 0 0 0 Z2 Z4 Z6 0 0 Z3 Z2 Z2 Z2 Z8 Z16 Z2 Z24
πsn/J 0 Z2 0 0 0 Z2 0 Z2 Z4 Z6 0 0 Z3 Z4 Z2 Z2 Z8 Z16 Z2 Z24
πsn Z2 Z2 Z24 0 0 Z2 Z240 Z4 Z8 Z6 Z504 0 Z3 Z4 Z960 Z4 Z16 − − −
J Z2 0 Z24 0 0 0 Z240 Z2 Z2 0 Z504 0 0 0 Z480 Z2 Z2 − − −
dimZΘn = number of differential structures on the n-dimensional homotopy sphere.
bPn+1 ⊳Θn: subgroup of n-dimensional homotopy spheres bounding parallelizable manifolds.
bPn+1 is a finite cyclic group that vanishes if n is even.
Kervaire-Milnor formula: dimZ bP4n =
3−(−1)n
2
22n−2(22n−1 − 1)Numerator(B4n
4n
), n ≥ 2, with B4n Bernoulli numbers.
dimZ bP4n+2 = 0, n = 0, 1, 3, 7, 15; dimZ bP4n+2 = 0, or Z2, n = 31; dimZ bP4n+2 = Z2 otherwise.
πsn ≡ lim−→
k
πn+k(S
k): stable homotopy groups or n-stems. (Serre’s theorem. The groups πsn are finite.)
There is an injective map Θn/bPn+1 → πsn/J where J is the image of Whitehead’s J-homomorphisms πn(SO)→ π
s
n.
For n = 0 one has πsn = Z and J = 0.
Theorem 3.22 (Browder-Novikov-Sullivan-Wall’s surgery exact sequence). One
has the following propositions.
(i) Let X be an n-dimensional geometric Poincare´ complex with n ≥ 5. The man-
ifold structure set S(X) 6= ∅ iff there exists a normal map (f, b) : M → X with
surgery obstruction σ∗(f, b) = 0 ∈ Ln(Z[π1(X)]).
(ii) Let M be an n-dimensional manifold. Then S(M) fits into the surgery exact
sequence of pointed sets reported in (15).
(15) · · ·Ln+1(Z[π1(M)]) // S(M) // [M,G/O]→ Ln(Z[π1(M)]) .
4. h-COBORDISM IN RICCI FLOW PDE’s
In this section we shall relate the h-cobordism with the geometric properties of the
Ricci flow equation considered in the previous two sections. With this respect let
us recall first some definitions and properties about surgery on manifolds.
Definition 4.1. 1) The n-dimensional handle, of index p, is hp ≡ Dp×Dn−p. Its
core is Dp×{0}. The boundary of the core is Sp−1×{0}. Its cocore is {0}×Dn−p
and its transverse sphere is {0} × Sn−p−1.
2) Given a topological space Y , the images of continuous maps Dn → Y are called
the n-cells of Y .
3) Given a topological space X and a continuous map α : Sn−1 → X, we call
Y ≡ X⋃αDn obtained from X by attaching a n-dimensional cell to X.
4) We call CW-complex a topological space X obtained from ∅ by successively
attaching cells of non-decreasing dimension:
(16) X ≡ (∪D0) ∪D1 ∪D2) ∪ · · ·
We call Xn ≡ ⋃1≤i≤nDi, n ≥ 0, the (n)-skeleta.
Definition 4.2. (Homotopy groups.) 1) We define homotopy groups of manifold,
(resp. CW-complex), M , the groups
(17) πp(M) = [S
p,M ], p ≥ 0.
2) Let X be a manifold over a CW-complex and an element x ∈ πn(X), n ≥ 1. Let
Y = X
⋃
φn D
n+1 be the CW-complex obtained from X by attaching an (n+1)-cell
with map φn : Sn → X, with x = [φn] ∈ πn(X). The operation of attaching the
(n+ 1)-cell is said to kill x.
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Theorem 4.3. (CW-substitute) 1) For any manifold, M , we can construct a CW-
complex X and a weak homotopy equivalence f : X → M , (i.e., the induced maps
f∗ : πr(X
′) → πr(X) on the Hurewicz homotopy groups are bijective for r ≥ 0).11
Then X ′ is called the CW-substitute of X. This is unique up to homotopy.
2) Furthermore if h : X → Y is a continuous map between manifolds, and (X ′, f),
(Y ′, g) are the corresponding CW-substitutes, then we can find a cellular map h :
X ′ → Y ′ so that the following diagram is commutative:
(18) X ′
h′

f // X
h

Y ′ g
// Y
h′ is unique up to homotopy.
Definition 4.4. An n-dimensional bordism (W ;M0, f0;M1, f1) consists of a com-
pact manifold W of dimension n, and closed (n − 1)-dimensional manifolds M0,
M1, such that ∂W = N0 ⊔ N1, and diffeomorphisms fi : Mi ∼= Ni, i = 0, 1. An
n-dimensional h-bordism (resp. s-bordism) is a n-dimensional bordism as above,
such that the inclusions Ni →֒ W , i = 0, 1, are homotopy equivalences (resp. simply
homotopy equivalences).12 W is a trivial h-bordism if W ∼= M0 × [0, 1]. In such a
case M0 is diffeomorphic to M1: M0 ∼= M1
We will simply denote also by (W ;M0,M1) a n-dimensional bordism.
If φp : Sp+1 ×Dn−p−1 →M1 is an embedding, then
(19) W + (φp) ≡W
⋃
φp
Dp ×Dn−p ≡W
⋃
hp
11Note that an homotopy equivalence is an weak homotopy equivalence, but the vice versa is not
true. Recall that two pointed topological spaces (X, x0) and (Y, y0) have the same homotopy type if
π1(X, x0) ∼= π1(Y, y0), and πn(X, x0) and πn(Y, y0) are isomorphic as modules over Z[π1(X, x0)]
for n ≥ 2. A simply homotopy equivalence between m-dimensional manifolds, (or finite CW
complexes), is a homotopy equivalence f : M ≅ N such that the Whitehead torsion τ(f) ∈
Wh(π1(M)), where Wh(π1(M)) is the Whitehead group of π1(M). With this respect, let us
recall that if A is an associative ring with unity, such that Am is isomorphic to An iff m = n, put
GL(A) ≡
⋃
n−1 GLn(A), the infinite general linear group of A and E(A) ≡ [GL(A), GL(A)] ⊳
GL(A). E(A) is the normal subgroup generated by the elementary matrices
(
1 a
0 1
)
. The torsion
group K1(A) is the abelian group K1(A) = GL(A)/E(A). Let A• denote the multiplicative
group of units in the ring A. For a commutative ring A, the inclusion A• →֒ K1(A) splits by
the determinant map det : K1(A) → A•, τ(φ) 7→ det(φ) and one has the splitting K1(A) =
A•
⊕
SK1(A), where SK1(A) = ker(det : K1(A) → A•). If A is a field, then K1(A) ∼= A•
and SK1(A) = 0. The torsion τ(f) of an isomorphism f : L ∼= K of finite generated free A-
modules of rank n, is the torsion of the corresponding invertible matrix (f ij ) ∈ GLn(A), i.e.,
τ(f) = τ(fji ) ∈ K1(A). The isomorphism is simple if τ(f) = 0 ∈ K1(A). The Whitehead group of
a group G is the abelian group Wh(G) ≡ K1(Z[G])/{τ(∓g)|g ∈ G}. Wh(G) = 0 in the following
cases: (a) G = {1}; (b) G = π1(M), with M a surface; (c) G = Zm, m ≥ 1. There is a conjecture,
(Novikov) that extends the case (b) also to m-dimensional compact manifolds M with universal
cover M˜ = Rm. This conjecture has been verified in many cases [12].
12Let us emphasize that to state that the inclusions Mi →֒W , i = 0, 1, are homotopy equiva-
lences is equivalent to state the Mi are deformation retracts of W .
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is said obtained from W by attaching a handle, hp ≡ Dp × Dn−p, of index p by
φp.13 Put ∂(W + φp)0 = M0, ∂(W + φ
p)1 = ∂(W + φ
p)−M0.
Theorem 4.5 (CW-substitute of manifold and Hurewicz morphisms). For any
manifold M we can construct a CW-complex M ′ and a weak homotopy equivalence
f : M ′ → M . Then M ′ is called the CW-substitute of M . M ′ is unique up to
homotopy. Then the homotopy groups of M and M ′ are isomorphic, i.e., one has
the top horizontal exact short sequence reported in the commutative diagram (20).
There the vertical lines represent the Hurewicz morphisms relating homotopy groups
and homology groups.
(20) 0 // πp(M)
a

// πp(M ′))
a′

// 0
0 // Hp(M) // Hp(M ′) // 0
If M is (n− 1)-connected, n ≥ 2, then the morphisms a, a′, become isomorphisms
for p ≤ n and epimorphisms for p = n+ 1.
We call the morphisms a and a′ the Hurewicz morphisms of the manifold M and
M ′ respectively.
Definition 4.6. A p-surgery on a manifold M of dimension n is the procedure of
construction a new n-dimensional manifold:14
(21) N ≡ (M \ Sp ×Dn−p)
⋃
Sp×Sn−p−1
Dp+1 × Sn−p−1.
Example 4.7. Since for the n-dimensional sphere Sn we can write
(22)
Sn = ∂Dn+1 = ∂(Dp+1 ×Dn−p)
= Sp ×Dn−p⋃Dp+1 × Sn−p−1
it follows that the surgery removing Sp ×Dn−p ⊂ Sn converts Sn into the product
of two spheres
(23) Dp+1 × Sn−p−1
⋃
Sp×Sn−p−1
Dp+1 × Sn−p−1 = Sp+1 × Sn−p−1.
Theorem 4.8 (Surgery and Euler characteristic). 1) Let M be a 2n-dimensional
smooth manifold and let apply to N obtained by M with a p-surgery as defined in
(21). Then the Euler characteristic of N is related to the M one, by the relation
reported in (24).
(24) χ(N) =
{
χ(M) + 2 p = odd
χ(M)− 2 p = even.
2) Let M = 2n + 1, n ≥ 0. If M = ∂V , then V can be chosen a manifold with
χ(V ) = 0, i.e., having the same Euler characteristic of M .
3) Let M = 2n, n ≥ 0. If M = ∂V , then χ(M) = 2χ(V ).
13In general W
⋃
hp is not a manifold but a CW-complex.
14We say also that a p-surgery removes a framed p-embedding g : Sp ×Dn−p →֒ M . Then it
kills the homotopy class [g] ∈ πp(M) of the core g = g| : Sp × {0} →֒M .
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Proof. 1) Let us first note that we can writeM = (M \ Sp ×Dn−p)⋃(Sp×D2n−p),
hence we get
(25)
{
χ(M) = χ((M \ Sp ×Dn−p)) + χ(Sp ×D2n−p)
= χ(M \ Sp ×Dn−p) + (1 + (−1)p).
From (25) we get
(26) χ(M \ Sp ×Dn−p) = χ(M)− (1 + (−1)p) =
{
χ(M) p = odd
χ(M)− 2 p = even.
On the other hand one has
(27) χ(N) = χ(M \ S
p ×Dn−p) + χ(Dp+1 × S2n−p−1)− χ(Sp × S2n−p−1)
= χ(M \ Sp ×Dn−p) +
{
2 p = odd
0 p = even
}
.
Then from (26) and (27) we get
(28) χ(N) =
{
χ(M) + 2 p = odd
χ(M)− 2 p = even.
2) In fact, if n = 1 then M can be considered the boundary of a Mo¨bius strip
Mob, that has just χ(Mob) = 0. If n ≥ 3, and χ(V ) = 2q, we can add to V q
times p-surgeries with p even in order to obtain a manifold V ′ that has the same
dimension and boundary of V but with Euler characteristic zero. Furthermore, if
χ(V ) = 2q + 1, we consider the manifold V ′′ = V ⊔ RP 2n+1 that has the same
dimension and boundary of V , but χ(V ′′) is even. Then we can proceed as before
on V ′′.
3) Let us consider V ′ = V
⋃
M V . Then one has χ(V
′) = 0 = 2χ(V )− χ(M). 
Example 4.9. A connected sum of connected n-dimensional manifolds M and N
is the connected n-dimensional manifold
(29) M♯N = (M \Dn)
⋃
(Sn−1 ×D1)
⋃
(N \Dn).
M♯N is the effect of the 0-surgery on the disjoint union M ⊔ N which removes
the framed 0-embedding S0 × Dn →֒ M × N defined by the disjoint union of the
embeddings Dn →֒M , Dn →֒ N .
Example 4.10. Given a (n + 1)-dimensional manifold with boundary (M,∂M)
and an embedding Si−1 × Dn−i+1 →֒ ∂M , 0 ≤ i ≤ n + 1, we define the (n + 1)-
dimensional manifold (W,∂W ) obtained from M by attaching a i-handle:
(30) W =M
⋃
Si−1×Dn−i+1
Di ×Dn−i+1 =M
⋃
hi.
Then ∂W is obtained from ∂M by an (i− 1)-surgery:
(31) ∂W = (∂M \ Si−1 ×Dn−i+1)
⋃
Si−1×Sn−i
Di × Sn−1.
Definition 4.11. An elementary (n+1)-dimensional bordism of index i is the bor-
dism (W ;M,N) obtained from M×D1 by attaching a i-handle at Si−1×Dn−i+1 →֒
M ×{1}. The dual of an elementary (n+1)-dimensional bordism (W ;M,N) of in-
dex i is the elementary (n+1)-dimensional bordism (W ;N,M) of index (n− i+1),
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obtained by reversing the ends and regarding the i-handle attached to M ×D1 as a
(n− i+ 1)-handle attached to N ×D1.
Theorem 4.12 (Handle decomposition of bordisms in the categoryM∞). 1) Every
bordism (W ;M,N), dimW = n+ 1, dimM = dimN = n, has a handle decompo-
sition of the union of a finite sequence
(32) (W ;M,N) = (W1;M0,M1)
⋃
(W2;M1,M2)
⋃
· · ·
⋃
(Wk;Mk−1,Mk)
of adjoining elementary bordisms (Ws;Ms−1,Ms) with index (is) such that 0 ≤ i1 ≤
i2 ≤ · · · ≤ ik ≤ n+ 1.
2) Closed n-dimensional manifolds M , N are bordant iff N can be obtained from
M by a sequence of surgeries.
3) Every closed n-dimensional manifold M can be obtained from ∅ by attaching
handles:
(33) M = hi0
⋃
hi1
⋃
· · ·
⋃
hik .
Furthermore,M has a Morse function f : M → R with critical points {xi0 , xi1 , · · · , xik , },
where xλ is a critical point with index λ, and the corresponding vector field ζ =
grad f :M → TM has zero-value only at such critical points. (See Fig. 1.)
Proof. In fact any n-dimensional manifold can be characterized by means of its
corresponding CW-substitute. 
Figure 1. Passing through critical point xλ ∈ M , (index λ), of
Morse function f : M → R, identified by attaching handle to a
manifold N . (Separatrix diagram.)
Example 4.13 (Sphere S2). In this case one has the following handle decompo-
sition: S2 = h0
⋃
h2, with h0 = D0 ×D2 = {0} ×D2, the south hemisphere, and
h2 = D2 ×D0 = D2 × {1}, the north hemisphere.
Example 4.14 (Torus T 2 = S1 × S1). This 2-dimensional manifold has the
following CW-complex structure: T 2 = h0
⋃
h1
⋃
h1
⋃
h2, with h0 = {0} × D2,
h1 = D1 ×D1, h2 = D2 ×D0 = D2 × {1}.
Remark 4.15. One way to prove whether two manifolds are diffeomorphic is just
to suitably use bordism and surgery techniques. (See, e.g. Refs.[63, 64].) In fact we
should first prove that they are bordant and then see if some bordism can be modified
by successive surgeries on the interior to become an s-bordism.
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Theorem 4.16 (Homology properties in M∞.). Let M be a n-dimensional mani-
fold. One has the following homology structures.
Let {C•(M ;A) ∼= A⊗R C•(M ;R), ∂} be the chain complex extension of the singular
chain complex of M . Then one has the following exact commutative diagram:
(34)
0

0

0 // B•(M ;A)

// Z•(M ;A)

// H•(M ;A) // 0
C•(M ;A)

C•(M ;A)

0 // AΩ•,s(M) // Bor•(M ;A)

// Cyc•(M ;A)

// 0
0 0
where:

B•(M ;A) = ker(∂|C¯•(M ;A)); Z•(M ;A) = im (∂|C•(M ;A));
H•(M ;A) = Z•(M ;A)/B•(M ;A),
b ∈ [a] ∈ Bor•(M ;A)⇒ a− b = ∂c, c ∈ C•(M ;A);
b ∈ [a] ∈ Cyc•(M ;A)⇒ ∂(a− b) = 0;
b ∈ [a] ∈ AΩ•,s(M)⇒
{
∂a = ∂b = 0
a− b = ∂c, c ∈ C•(M ;A)
}
.
Furthermore, one has the following canonical isomorphism: AΩ•,s(M)
∼= H•(M ;A).
As C•(M ;A) is a free two-sided projective A-module, one has the unnatural iso-
morphism: Bor•(M ;A) ∼= AΩ•,s(M)
⊕
Cyc•(M ;A).
Proof. It follows from standard results in homological algebra and homology in
topological spaces. (For more details about see also [38].) 
Theorem 4.17 (Cohomology properties in M∞). Let M be a n-dimensional man-
ifold. One has the following cohomology structures.
Let {C•(M ;A) ≡ HomA(C•(M ;A);A) ∼= HomR(C•(M ;R);A), δ} be the dual of the
chain complex C•(M ;A) considered in above theorem. Then one has the following
exact commutative diagram:
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(35)
0

0

0 // B•(M ;A)

// Z•(M ;A)

// H•(M ;A) // 0
C•(M ;A)

C•(M ;A)

0 // AΩ•s(M)
// Bor•(M ;A)

// Cyc•(M ;A)

// 0
0 0
where: 
B•(M ;A) = ker(δ|C¯•(M ;A)); Z•(M ;A) = im (δ|C•(M ;A));
H•(M ;A) = Z•(M ;A)/B•(M ;A);
b ∈ [a] ∈ Bor•(M ;A)⇒ a− b = δc; c ∈ C•(M ;A);
b ∈ [a] ∈ Cyc•(M ;A)⇒ δ(a− b) = 0;
b ∈ [a] ∈ AΩ•s(M)⇒
{
δa = δb = 0
a− b = δc, c ∈ C•(M ;A)
}
.
Furthermore, one has the following canonical isomorphism: AΩ•s(M)
∼= H•(M ;A).
As C•(M ;A) is a free two-sided projective A-module, one has the unnatural iso-
morphism: Bor•(M ;A) ∼= AΩ•s(M)
⊕
Cyc•(M ;A).
Proof. It follows from standard results in cohomological algebra and cohomology
in topological spaces. (See also [38].) 
Definition 4.18. We say that a manifold M is cohomologically trivial if all the
cohomology groups Hr(M ;A) vanish for r ≥ 1.
Theorem 4.19. Let M be a n-dimensional manifold. The following propositions
are equivalent.
(i) M is cohomologically trivial.
(ii) Hr(M ;K) = 0, ∀r ≥ 1.
(iii) Hr(M ;A) ∼= Hr(M ;K) = 0, ∀r ≥ 1.
(iv) The complex {C•(M ;A), δ} is acyclic, i.e., the sequence
(36)
0 // Z0
ǫ // C0(M ;A)
δ // C1(M ;A)
δ // · · · δ // Cn(M ;A) δ // 0
is exact.
Proof. (i)⇔(ii) since Hr(M ;A) ∼= Hr(M ;K)⊗KA.
(i)⇔(iii) since Hr(M ;A) ∼= HomA(Hr(M ;A);A) and considering the following
isomorphism Hr(M ;A) ∼= Hr(M ;K)
⊗
K A.
(i)⇔(iv) since the exactness of the sequence (36) is equivalent to Hr(M ;A) = 0,
for r ≥ 1. 
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Theorem 4.20. Let M be a n-dimensional manifold modeled on the algebra A.
The following propositions are equivalent.
(i) M is cohomologically trivial.
(ii) Hr(M ;A) = 0, r ≥ 1.
(iii) Hr(M ;K) = H
r(M ;K) = 0, r ≥ 1.
Example 4.21. A manifold contractible to a point is cohomologically trivial.
Theorem 4.22 (h-Cobordism groups). 1) If (W ;X0, X1), ∂W = X0 ⊔ X1, is a
h-cobordant and Xi, i = 0, 1, are simply connected, then W is a trivial h-cobordism.
For n = 4 the h-cobordism theorem is true topologically.
2) A simply connected manifold M is h-cobordant to the sphere Sn iff M bounds a
contractible manifold.
3) If M is a homotopy sphere, then M♯(−M) bounds a contractible manifold.
4) If a homotopy sphere of dimension 2k bounds a stably-parallelizable manifold M
then it bounds a contractible manifold M1. (See Definition 4.32.)
5) Let Θn denote the collection of all h-cobordism classes of homotopy n-spheres.
Θn is an additive group with respect the connected sum,
15 where the sphere Sn
serves as zero element. The opposite of an element X is the same manifold with
reversed orientation, denoted by −X. In Tab. 4 are reported the expressions of
some calculated groups Θn.
16
Proof. There are topological manifolds that have not smooth structure. Further-
more, there are examples of topological manifolds that have smooth structure ev-
erywhere except a single point. If a neighborhood of that point is removed, the
smooth boundary is a homotopy sphere. Any smooth manifold may be triangu-
lated, i.e. admits a PL structure, and the underlying PL manifold is unique up to a
PL isomorphism.17 The vice versa is false. No all topological or PL manifolds have
at least one smooth structure.
The h-cobordism classes Θn of n-dimensional homotopy spheres are trivial for 1 ≤
n ≤ 6, i.e. Θn ∼= 0, and [Sn] = 0. For n = 1, 2 this follows from the fact that each of
such topological manifolds have a unique smooth structure uniquely determined by
its homology. For n = 3 this follows from the proof of the Poincare´ conjecture (see
[51]). Furthermore, each topological 3-manifold has an unique differential structure
[30, 32, 65]. Therefore, since from the proof of the Poincare´ conjecture it follows
that all 3-homotopy spheres are homeomorphic to S3, it necessarily follows that
all 3-homotopy spheres are diffeomorphic to S3 too. Furthermore, for n = 4, the
triviality of Θ4 follows from the works by Freedman [13]. (See also J. Cerf [6].)
15The connected sum of two connected n-dimensional manifolds X and Y is the n-dimensional
manifold X♯Y obtained by excising the interior of embedded discs Dn ⊂ X, Dn ⊂ Y , and joining
the boundary components Sn−1 ⊂ X \Dn, Sn−1 ⊂ Y \Dn, by Sn−1 × I.
16It is interesting to add that another related notion of cobordism is the H-cobordism of
n-dimensional manifold, (V ;M,N), ∂V = M ⊔ N , with H•(M) ∼= H•(N) ∼= H•(V ). An n-
dimensional manifold Σ is a homology sphere if H•(Σ) = H•(Sn). Let ΘHn be the abelian group
of H-cobordism classes of n-dimensional homology spheres, with addition by connected sum.
(Kervaire’s theorem.) For n ≥ 4 every n-dimensional homology sphere Σ is H-cobordant to a
homology sphere and the forgethful map Θn → ΘHn is an isomorphism.
17A topological manifold M is piecewise linear, i.e., admits a PL structure, if there exists an
atlas {Uα, ϕα} such that the composities ϕα◦ϕ
−1
α′
, are piecewise linear. Then there is a polyehdron
P ⊂ Rs, for some s and a homeomorphism φ : P ≈ M , (triangulation), such that each composite
ϕα ◦ φ is piecewise linear.
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Lemma 4.23 (Freedman’s theorem). [13] Two closed simply connected 4-manifolds
are homeomorphic iff they have the same symmetric bilinear form σ : H2(M ;Z)⊗
H2(M ;Z) → H4(M ;Z) ∼= Z, (with determinant ±1, induced by the cup product),
and the same Kirby-Siebermann invariant κ.18 Any σ can be realized by such a
manifold. If σ(x⊗ x) is odd for some x ∈ H2(M ;Z), then either value of κ can be
realized also. However, if σ(x⊗x) is always even, then κ is determined by σ, being
congruent to 18σ.
In particular, if M is homotopy sphere, then H2(M,Z) = 0 and κ ≡ 0, so M is
homeomorphic to S4.19
The cases n = 5, 6, can be proved by using surgery theory and depend by the
Smale’s h-cobordism theorem.20
Lemma 4.24 (Smale’s h-cobordism theorem). [56] Any n-dimensional simply con-
nected h-cobordism W , n > 5, with ∂W = M⊔(−N), is diffeomorphic to M× [1, 0].
(All manifolds are considered smooth and oriented. −N denotes the manifold N
with reversed orientation.)21
If n ≥ 5 any two homotopy n-sphere are PL homeomorphic, and diffeomorphic too
except perhaps at a single point. (If n = 5, (resp. n = 6), then any homotopy
n-sphere Σ bounds a contractible 6-manifold, (resp. 7-manifold), and is diffeomor-
phic to S5, (resp. S6). Every smooth manifold M of dimension n > 4, having
the homotopy of a sphere is a twisted sphere, i.e., M can be obtained by taking
two disks Dn and gluing them together by a diffeomorphism f : Sn−1 ∼= Sn−1 of
their boundaries. More precisely one has the isomorphism π0(Diff+(S
n)) ∼= Θn+1,
[f ] 7→ Σf ≡ Dn+1
⋃
f (−Dn+1), where π0(Diff+(Sn)) denotes the group of isotopy
classes of oriented preserving diffeomorphisms of Sn.
See the paper by M. A. Kervaire and J. W. Milnor [26] and the following ones by
S. Smale [56, 57]. In the following we shall give a short summary of this proof for
n ≥ 5. This is really an application of the Browder-Novikov theorem.
Lemma 4.25. Let Ξn denote the set of smooth n-dimensional manifolds homeo-
morphic to Sn. Let ∼d denote the equivalence relation in Ξn induced by diffeomor-
phic manifolds. Put Γn ≡ Ξn/ ∼d.22 Then the operation of connected sum makes
Γn an abelian group for n ≥ 1.
18κ is Z2-valued and vanishes iff the product manifold M × R can be given a differentiable
structure.
19It is not known which 4-manifolds with κ = 0 actually possess differentiable structure, and
it is not known when this structure is essentially unique.
20There exists also a s-cobordism version of such a theorem for non-simply connected manifolds.
More precisely, an (n + 1)-dimensional h-cobordism (V ;N,M) with n ≥ 5, is trivial iff it is an
s-cobordism. This means that for n ≥ 5 h-cobordant n-dimensional manifolds are diffeomorphic iff
they are s-cobordant. Since the Whitehead group of the trivial group is trivial, i.e., Wh({1}) = 0,
it follows that h-cobordism theorem is the simply-connected special case of the s-cobordism.
21The proof utilizes Morse theory and the fact that for an h-cobordism H•(W,M) ∼=
H•(W,N) ∼= 0, gives W ∼= M × [0, 1]. The motivation to work with dimensions n ≥ 5 is in
the fact that it is used the Whitney embedding theorem that states that a map f : N → M ,
between manifolds of dimension n and m respectively, such that either 2n+1 ≤ m or m = 2n ≥ 6
and π1(M) = {1}, is homotopic to an embedding.
22Γn can be identified with the set of twisted n-spheres up to orientation-preserving diffeomor-
phisms, for n 6= 4. One has the exact sequences given in (37).
(37) π0(Diff+(Dn)) // π0(Diff+(Sn−1)) // Γn // 0
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Proof. Let us first remark that since we are working in Ξn, the operation of con-
nected sum there must be considered in smooth sense. Then it is easy to see
that the for M1,M2,M3 ∈ Ξn, one has M1♯M2 ∼= M2♯M1 and that (M1♯M2)♯M3 ∼=
M1♯(M2♯M3). Therefore, it is well defined the commutative and associative compo-
sition map + : Γn×Γn → Γn, [M1]+[M2] = [M1♯M2]. The zero of this composition
is the equivalence class [Sn] ∈ Γn. In fact, since Sn \Dn
⋃
Sn−1(S
n−1×I) ∼= Dn, we
get M♯Sn ∼=M \Dn⋃Sn−1(Sn \Dn⋃Sn−1(Sn−1 × I)) ∼= M \Dn⋃Sn−1 Dn ∼= M .
Therefore, [Sn] = 0 ∈ Γn. Furthermore, each element M ∈ Ξn admits, up to
diffeomorphisms, an unique opposite M ′ ∈ Ξn. In fact, since M \Dn ∼= Dn,
it follows that M ∼= Dn⋃λDn ∼= Dn⋃Sn−1 Dn, where λ : Sn−1 → Sn−1 is a
given diffeomorphism that identifies the two copies of Sn−1. Then M ′ is defined
by M ′ = Dn
⋃
λ−1 D
n. In fact one has M♯M ′ ∼= (Dn⋃λDn)♯(Dn⋃λ−1 Dn) ∼=
Dn
⋃
1D
n ∼= Sn, where 1 = λ ◦ λ−1 : Sn−1 → Sn−1. (See Fig. 2.) 
Lemma 4.26. One has the group isomorphisms Γn ∼= Θn for any n ≥ 1 and
n 6= 4. So these groups classify all possible differentiable structures on Sn, up to
orientation preserving diffeomorphisms, in all dimension n 6= 4.

Remark 4.27 (Strange phenomena on dimension four). It is well known that on
R4 there are uncountably many inequivalent differentiable structures, i.e., one has
exotic R4, say R˜4. (This is a result by M. H. Freedman [13], starting from some
results by S. K. Donaldson [11].) On the other hand by the fact that Γ4 ∼= Θ4 = 0
it follows for any 4-dimensional homotopy sphere Σ ∼= S4. So taking in to account
that S4 \ {pt} ∼= R4, it natural arises the question: Do exotic 4-sphere Σ˜ exist such
that Σ˜ \ {pt} ∼= R˜4 ? The answer to this question, conjecturing the isomorphism
Γ4 ∼= Θ4 = 0, should be in the negative. This means that all exotic R˜4 collapse on
the unique one S4 by the process of one point compactification ! (However this is
generally considered an open problem in geometric topology and called the smooth
Poincare´ conjecture. (See, e.g., [14].)
Lemma 4.28 (M. Hirsch and J. Munkres). [23, 32] The obstructions to the ex-
istence of a smooth structure on a n-dimensional combinatorial (or PL) manifold
lie in the groups Hk+1(M ; Γk); while the obstruction to the uniqueness of such a
smooth structures, when it exists, are elements of Hk(M ; Γk).
Lemma 4.29 (Kirby and Siebenman). [27] For a topological manifold M of di-
mension n ≥ 5, there is only one obstruction to existence of a PL-structure, living
in H4(M ;Z2), and only one obstruction to the uniqueness of this structure (when
it exists), living in H3(M ;Z2).
23
If the used diffeomorphism Sn−1 → Sn−1 to obtain a twisted n-sphere by gluing the corresponding
boundaries of two disks Dn, is not smoothly isotopic to the identity, one obtains an exotic n-
sphere. For n > 4 every exotic n-sphere is a twisted sphere. For n = 4, instead, twisted spheres
are standard ones [6].
23This result by Kirby and Siebenman does not exclude that every manifold of dimension
n > 4 can possess some triangulation, even if it cannot be PL-homeomorphic to Euclidean space.
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Figure 2. Connected sum properties.
Definition 4.30 (Intersection form and signature of manifold). 1) The intersection
form of a 2n-dimensional topological manifold with boundary (M,∂M) is the (−1)n-
symmetric form λ over the Z-module H ≡ Hn(M,∂)/torsion, λ(x, y) =< x ∪
y, [M ] >∈ Z.24
2)(Milnor’s plumbing theorem.) For n ≥ 3 every (−1)n-quadratic form (H,λ, µ)
over Z is realized by an (n − 1)-connected 2n-dimensional framed manifold with
boundary (V, ∂V ) with Hn(V ) = H. The form (H,λ, µ) is nonsingular iff H•(∂V ) =
H•(S
2n−1). Let (H,λ) be a nonsingular (−1)-symmetric form over Z and {bj, cj}1≤j≤p
a basis for the Z-module H, such that λ(br, bs) = 0, λ(cr, cs) = 0, λ(br, cs) = 0, for
r 6= s, and λ(br, cr) = 1. Let µ : H → Q−1(Z) = Z2 be a (−1)-quadratic function
associated to (H,λ). Then the Arf invariant of a nonsingular (−1)-quadratic form
(H,λ, µ) over Z is Arf(H,λ, µ) =
∑
1≤j≤p µ(bj)µ(cj) ∈ Z2 ≡ {0, 1}.
If ∂M = ∅, or H•(∂M) = H•(S
2n−1), then λ is nonsingular.
3) The signature σ(M) of a 4k-dimensional manifold (M,∂M) is σ(M) = σ(λ) ∈ Z,
where λ is the symmetric form over the Z-module H2k(M)/torsion.
4) Let M be an oriented manifold with empty boundary, ∂M = ∅, dimM = n = 4k.
Then Hi(M ;Z) is finitely generated for each i and H2k(M ;Z) ∼= Zs⊕Tor, where
Tor is the torsion subgroup. Let [M ] ∈ H4k(M ;Z) be the orientation class of M .
Let <,>: H2k(M ;Z) × H2k(M ;Z) → Z, be the symmetric bilinear form given by
(a, b) 7→< a, b >=< a ∪ b, [M ] >∈ Z. This form vanishes on the torsion sub-
group, hence it factors on H2k(M ;Z)/Tor×H2k(M ;Z)/Tor ∼= Zs×Zs → Z. This
means that the adjoint map φ : H2k(M ;Z)/Tor → HomZ(H2k(M ;Z)/Tor;Z) =
(H2k(M ;Z)/Tor))∗, a 7→ φ(a)(b) =< a, b >, is an isomorphism. This is a just a
24Let R be a commutative ring and H a finite generated free R-module. A ǫ-symmetric form
over H is a bilinear mapping λ : H×H → R, such that λ(x, y) = ǫλ(y, x), with ǫ ∈ {+1,−1}. The
form λ is nonsingular if the R-module morphism H → H∗ ≡ HomR(H;R), x 7→ (y 7→ λ(x, y))
is an isomorphism. A ǫ-quadratic form associated to a ǫ-symmetric form λ over H, is a function
µ : H → Qǫ(R) ≡ coker (1 − ǫ : R → R), such that: (i) λ(x, y) = µ(x + y) − µ(x) − µ(y);
(ii) λ(x, x) = (1 + ǫ)µ(x) ∈ im (1 + ǫ : R → R) ⊆ ker(1 − ǫ : R → R), ∀x, y ∈ H, a ∈ R. If
R = Z and ǫ = 1, we say signature of λ, σ(λ) = p − q ∈ Z, where p and q are respectively the
number of positive and negative eigenvalues of the extended form on R
⊗
ZH. Then λ has a 1-
quadratic function µ : H → Q+1(Z) iff λ has even diagonal entries, i.e., λ(x, x) ≡ 0 (mod 2), with
µ(x) = λ(x, x)/2, ∀x ∈ H. If λ is nonsingular then σ(λ) ≡ 0 (mod 8). Examples. 1) R = H = Z,
λ = 1, σ(λ) = 1.
2) R = Z, H = Z8, λ = E8-form, given by (λij) =
(
ars brs
crs drs
)
with (ars) =


2 1 0 0
1 2 1 0
0 1 2 1
0 0 1 2

, (brs) =


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

, (crs) =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

, (drs) =


2 1 0 1
1 2 1 0
0 1 2 1
1 0 1 2

.
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Table 5. Polynomials sI(σ1, · · · , σn), for 0 ≤ n ≤ 4.
n sI(σ1, · · · , σn)
0 s = 1
1 s(1)(σ1) = σ1
2 s(2)(σ1, σ2) = σ
2
1 − 2σ2
s(1,1)(σ1, σ2) = σ2
3 s(3)(σ1, σ2, σ3) = σ
3
1 − 3σ1σ2 + 3σ3
s(1,2)(σ1, σ2, σ3) = σ1σ2 − 3σ3
s(1,1,1)(σ1, σ2, σ3) = σ3
4 s(4)(σ1, σ2, σ3, σ4) = σ
4
1 − 4σ
2
1σ2 + 2σ
2
2 + 4σ1σ3 − 4σ4
s(1,3)(σ1, σ2, σ3, σ4) = σ
2
1σ2 − 2σ
2
2 − σ1σ3 + 4σ4
s(2,2)(σ1, σ2, σ3, σ4) = σ
2
2 − 2σ1σ3 + 2σ4
s(1,1,2)(σ1, σ2, σ3, σ4) = σ1σ3 − 4σ4
s(1,1,1,1)(σ1, σ2, σ3, σ4) = σ4
direct consequence of Poincare´ duality: H2k(M ;Z)/Tor = (H
2k(M ;Z)/Tor)∗ and
a(b∩ [M ]) =< a∪b, [M ] >. Then the signature of this bilinear form is the usual sig-
nature of the form after tensoring with the rationals Q, i.e., of the symmetrix matrix
associated to the form, after choosing a basis for Qs. Hence the signature is the
difference between the number of +1 eigenvalues with the number of −1 eigenvalues
of such a matrix. Let us denote by σ(M) the signature of the above nondegenerate
symmetric bilinear form, and call it signature of M .
Theorem 4.31 (R. Thom’s properties of signature). 1) If M has dimM = 4k,
and it is a boundary, then σ(M) = 0.
2) σ(−M) = −σ(M).
3) Let M and L be two 4k-dimensional closed, compact, oriented manifolds without
boundary. Then we have σ(M ⊔ L) = σ(M) + σ(L) and σ(M × L) = σ(M).σ(L),
where the orientation on M × L is [M × L] = [M ]⊗ [L].
4) (Rohlin’s signature theorem). The signature of a closed oriented 4k-dimensional
manifold is an oriented cobordism invariant, i.e., if ∂W = M ⊔ N , it follows
that σ(M) = σ(N) ∈ Z. More precisely, the signature for oriented boundary 4k-
dimensional manifolds is zero and it defines a linear form σ : +Ω4k → Z.
Furthermore, let M and N be 4k-dimensional manifolds with differentiable bound-
aries: ∂M =
⋃
j Xj, ∂N =
⋃
i Yi, such that X1 = Y1. Then one has the formula
(38).
(38) σ(M
⋃
X1=Y1
N) = σ(M) + σ(N).
5) (Hirzebruch’s signature theorem (1952)). The signature of a closed oriented
4k-dimensional manifold M is given by
(39) σ(M) =< Lk(p1, · · · , pk), [M ] >∈ Z
with Lk(p1, · · · , pk) polynomial in the Pontrjagin classes pj of M , i.e., pj(M) ≡
pj(TM) ∈ H4j(M), representing the L genus, i.e., the genus of the formal power
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Table 6. Lk-polynomials for CP 2k, with k = 1, 2, 3, 4 and related objects.
k Lk pj(CP
2k) σ(CP 2k)
1 L1(p1) =
1
3
p1(CP 2) = 3 σ(CP 2) =
1
3
× 3 = 1
2 L2(p1, p2) =
1
45
(7p2 − p21) p1(CP
4) = 5 σ(CP 4) = 1
45
(7× 10− 25) = 1
p2(CP 4) = 10
3 L3(p1, p2, p3) =
1
945
(62p3 − 13p2p1 + 2p31) p1(CP
6) = 7 σ(CP 6) = 1
945
(62 × 35− 13 × 21× 7 + 2× 343) = 1
p2(CP 6) = 21
p3(CP 6) = 35
4 L3(p1, p2, p3, p4) =
1
14175
(381p4 − 71p3p1 − 19p22 + 22p2p
2
1 − 3p
4
1) p1(CP
8) = 9 σ(CP 8) = 1
14175
(48006 − 53676 − 24624 + 64152 − 19683) = 1
p2(CP 8) = 36
p3(CP 8) = 84
p4(CP 8) = 126
series given in (40).25
(40)
√
z
tanh(
√
z)
=
∑
k≥0
22kB2kz
k
(2k)!
= 1 +
z
3
− z
2
45
+ · · ·
where the numbers B2k are the Bernoulli numbers.
26
6) The intersection form of a 4k-dimensional manifold M has a 1-quadratic func-
tion iff it has 2kth Wu class v2k(M) = 0 ∈ H2k(M ;Z2), in which case σ(M) ≡
0 (mod 8).
25A genus for closed smooth manifolds with some X-structure, is a ring homomorphism
ΩX• → R, where R is a ring. For example, if the X-structure is that of oriented manifolds,
i.e., X = SO, then the signature of these manifolds just identifies a genus σ : +Ω• = ΩSO• → Z,
such that σ(1) = 1, and σ : +Ωp → 0 if p 6= 4q. Therefore the genus identifies also a Q-algebra
homomorphism ΩSO•
⊗
Q Q → Q. More precisely, let A ≡ Q[t1, t2, · · · ] be a graded commutative
algebra, where ti has degree i. Set A ≡ A[[a0, a1, · · · ]], where ai ∈ A is homogeneous of degree i,
i.e., the elements of A are infinite formal sums a ≡ a0 + a1 + a2 + · · · . Let A• ⊂ A denote the
subgroup of the multiplicative group of A of elements with leading term 1. Let K1(t1), K2(t1, t2),
K3(t1, t2, t3), · · · ∈ A, be a sequence of polynomials of A, where Kn is homogeneous of degree n.
For a = a0+a1+a2+ · · · ∈ A•, we define K(a) ∈ A• by K(a) = 1+K1(a1)+K2(a1, a2)+ · · · . We
say that Kn form a multiplicative sequence if K(ab) = K(a)K(b), ∀a, b ∈ A•. An example is with
Kn(t1, · · · , tn) = λntn, λ ∈ Q. Another example is given by the formal power series given in (40)
with λk = (−1)
k−1 2
2kB2k
(2k)!
. For any partition I = (i1, i2, · · · , ik) of n, set λI = λi1λi2 · · ·λik .
Now define polynomials Ln(t1, · · · , tn) ∈ A by Ln(t1, · · · , tn) =
∑
I λIsI(t1, · · · , tn), where
the sum is over all partitions of n and sI is the unique polynomial belonging to Z[t1, · · · , tn]
such that sI(σ1, · · · , σn) =
∑
tI , where σ1, · · · , σn are the elementary symmetric functions
that form a polynomial basis for the ring Sn of symmetric functions in n variables. (Sn is the
graded subring of Z[t1, · · · , tn] of polynomials that are fixed by every permutation of the vari-
ables. Therefore we can write Sn = Z[σ1, · · · , σn], with σi of degree i. In Tab. 5 are reported
the polynomials sI(σ1, · · · , σn), for 0 ≤ n ≤ 4.) Ln form a multiplicative sequence. In fact
L(ab) =
∑
I sI(ab) =
∑
I λI
∑
I1I2=I
sI1(a)sI2 (b) =
∑
I1I2=I
λI1sI1(a)λI2 sI2(b) = L(a)L(b).
Then for an n-dimensional manifold M one defines L-genus, L[M ] = 0 if n 6= 4k, and
L[M ] =< Kk(p1(TM), · · · , pk(TM)), µM > if n = 4k, where µM is the rational fundamental
class of M and Kk(p1(TM), · · · , pk(TM)) ∈ H
n(M ;Z).
26Formula (39) is a direct consequence of Thom’s computation of +Ω•
⊗
Z Q
∼= Q[y4k|k ≥ 1],
with y4k = [CP
2k]. (+Ωj
⊗
Z Q = 0 for j 6= 4k.) In Fact, one has pj(CP
n) = pj(TCP
n) =(
n+1
j
)
∈ H4j(CPn) = Z, 0 ≤ j ≤ n
2
. For n = 2k the evaluation < Lk, [CP
2k] >= 1 ∈ Z coincides
with the signature of CP 2k: σ(CP 2k) = σ(H2k(CP 2k), λ) = σ(Z, 1) = 1 ∈ Z. Therefore, the
signature identifies a Q-algebra homomorphism ΩSO•
⊗
Z Q → Q. So the Hirzebruch signature
theorem states that this last homomorhism induced by the signature, coincides with the one
induced by the genus. In Tab. 6 are reported some Hirzebruch’s polynomials for CP 2k. In
Tab. 7 are reported also the Bernoulli numbers Bn, with the Kronecker’s formula, and explicitly
calculated for 0 ≤ n ≤ 18.
26 AGOSTINO PRA´STARO
Table 7. Bernoulli numbers Bn = −
∑
1≤k≤n+1
(−1)k
k
(
n+1
k
)∑
1≤j≤k j
n ∈
Q, n ≥ 0.
n Numerator Denominator
0 1 1
1 −1 2
2 1 6
4 −1 30
6 1 42
8 −1 30
10 5 66
12 −691 2730
14 7 6
16 −3617 510
18 43862 798
Bn = 0, n= odd > 1.
Definition 4.32. An n-dimensional manifold M is parallelizable if its tangent
n-plane bundle τM :M → BO(n) is trivial, i.e., isomorphic to M ×Rn →M ≡ ǫn.
Two vector bundles ξ1 and ξ2 over a same baseM are stably isomorphic if ξ1
⊕
ǫ1 ∼=
ξ2
⊕
ǫ1, where ǫi, i = 1, 2 are vector bundles over M with dimensions such that
if M is a complex of dimension r, the total fiber dimensions of the Whitney sums
exceeds r. Such bundles are said to be in stable range.
Proposition 4.33. A connected compact n-manifold M with non-trivial boundary,
is parallelizable iff it is stably parallelizable.
Proof. In fact M has the homotopy type of an (n− 1)-complex and thus TM is in
the stable range. 
Proposition 4.34. The set of framed n-manifolds properly contains the set of
parallelizable n-manifolds.
Example 4.35 (Bott-Milnor [4]). 1) The sphere Sn is framed with Sn×R ⊂ Rn+1,
TSn
⊕
ǫ ∼= ǫn+1, but not necessarily parallelizable. (See Tab. 8.)
Table 8. Parallelizable Sn.
n 1 2 3 4 5 6 7 > 7
parallelizable YES NO YES NO NO NO YES NO
2) All spheres are stably parallelizable.
3) Every homotopy sphere Σn is stably parallelizable.
Definition 4.36 (Pontrjagin-Thom construction framed-cobordism). If (M,ϕ) is
any n-manifold with framing ϕ : ν(M) ∼= M × Rk−n of the normal bundle in Rk,
the same definition yields a map p(M,ϕ) ∈ πsn. If (M1, ϕ1) ⊔ (M2, ϕ2) ⊂ Rk form
the framed boundary of a (n + 1)-manifold (W,∂W,Φ) ⊂ (Rk × [0,∞),Rk × {0}),
we say that are framed cobordant. The framed cobordism is an equivalence relation
and the corresponding set of framed cobordism classes is denoted by Ωfrn . This is
an abelian additive group with respect the operation of disjoint union ⊔. The class
[∅] is the zero of Ωfrn . Then one has the canonical isomorphism given in (41).
27
27In Tab. 4 are reported the n-stems for 0 ≤ n ≤ 17.
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(41)
{
Ωfrn
∼= πsn
M 7→ fM : Sn+k → Sn+k/(Sn+k \ (M × Rk)) = ΣkM+ → Sk
where M+ ≡M ⋃{pt}, and Σk is the k-suspension functor for spectra.
Example 4.37 (Smale’s paradox and framed cobordism). Let us consider the so-
called Smale’s paradox turning a sphere S2 ⊂ R3 inside out. (See also [53].) Let
us denote by −S2 the sphere S2 with reversed orientation. Let us first note that
these surfaces are characterized by the same generalized curvature integra. It is
useful to recall here some definitions and results about this topological invariant.
The generalized Gauss map of an n-dimensional framed manifold M with f :M →֒
Rn+k, νf ∼= ǫk, is the map c : M → Vn+k,k, x 7→ ((νf )x = Rk →֒ Tf(x)Rn+k =
Rn+k) and classifies the tangent n-planes bundle τM : M → BO(n), with the k-
stable trivialization TM
⊕
ǫk ∼= TM⊕ νf = ǫn+k = TRn+k|M .28 The generalized
curvatura integra of M is the degree of the generalized Gauss map.
(42) c∗[M ] ∈ Hn(Vn+k,k) =
{
Z, if n ≡ 0 (mod 2)
Z2, if n ≡ 1 (mod 2)
}
(k > 1).
The curvatura integra of an n-dimensional framed manifold M can be expressed
with the Kervaire’s formula given in (43).
(43) c∗[M ] = Hopf(M) +
{
χ(M)/2 ∈ Z, if n ≡ 0 (mod 2)
χ1/2(M) ∈ Z2, if n ≡ 1 (mod 2)
where
(44) χ1/2(M) =
∑
0≤j≤(n−1)/2
dimZ2 Hj(M ;Z) ∈ Z2
is called the Kervaire semicharacteristic, and
(45) Hopf [M ] =
{
0 ∈ Z, if n ≡ 0 (mod 2)
H2(F ) ∈ Z2, if n ≡ 1 (mod 2)
with F : Sn+k → Sk the Pontrjagin-Thom map, and H2(F ) determined by the mod
2 Hopf invariant. This is the morphism
(46)
{
H2 : πn+k(S
k)→ Z
(F : Sn+k → Sk) 7→ H2(F ), (m ≥ 1)
determined by the Steenrod square in the mapping cone X = Sk
⋃
F D
n+k+1. If
a = 1 ∈ Hk(X ;Z2) = Z2, b = 1 ∈ Hn+k+1(X ;Z2) = Z2, then Sn+1q (a) = H2(F )b ∈
Hn+k+1(X ;Z2). One has (Adams) that H2 = 0 for n 6= 1, 3, 7. Hopf(M) is a
framed cobordism invariant.
Taking into account that χ(S2) = χ(−S2) = 2, and that Hopf(S2) = Hopf(−S2) =
0, we get c∗[S
2] = c∗[
−S2] = 1. Furthermore one has Ωfr2
∼= πs2 = Z2 ∼= Ω2. In
order to see that S2 is cobordant with −S2 it is enough to prove that −S2 can be
28Vn+k,k ∼= O(n+k)/O(n) is the Stiefel space of orthonormal k-frames in R
n+k, or equivalently
of isometries Rk → Rn+k. Vn+k,k is (n − 1)-connected with Hn(Vn+k,k) = Z, if n ≡ 0 (mod 2)
or if k = 1, and Hn(Vn+k,k) = Z2, if n ≡ 1 (mod 2) and k > 1. One has Gn+k,k = Vn+k,k/O(k),
where Gn+k,k is the Grassmann space of k-dimensional subspaces of R
n+k. Then the classifying
space for n-planes is BO(n) = lim
−→
k
Gn+k,k, and the corresponding stable classifying space is
BO = lim
−→n
BO(n).
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obtained by S2 by a sequence of surgeries. (See Theorem 4.12.) In fact, we can
write the oriented S2 as S2 = D2W
⋃
S1 D
2
E, where D
2
W and D
2
E are two oriented
discs in such a way that S2 is oriented with outgoing normal unitary vector field.
(Fig. 3(a).) By a surgery we can remove D2E and smoothly add another D
2
E on the
left of D2W . (Fig. 3(b).) Next by an orientation preserving diffeomorphisms, we
get −S2, the surface represented in Fig. 3(c).
Figure 3. Surgery and Smale’s paradox turning a sphere S2 ⊂ R3
inside out.
In conclusion S2 ⊔ −S2 = ∂W , where W ∼= (S2 × {0}) × I ∼= (−S2 × {1}) × I ⊂
R3 × [0,∞). Therefore, S2 is framed cobordant with −S2. Furthermore S2 ∼= −S2
(diffeomorphism reversing orientation), that agrees with the well known result in
differential topology that two connected, compact, orientable surfaces are diffeomor-
phic iff they have the same genus, the same Euler characteristics and the same
number of boundaries. (See, e.g. [24].)
Another proof that S2 and −S2 are cobordant can be obtained by the Arf invari-
ant. Let us recall that if M is a framed surface M × Rk ⊂ Rk+2, the intersection
form (H1(M), λ) has a canonical (−1)-quadratic function µ : H1(M) = H1(M)→
Q−1(Z) = Ω
fr
1 = Z2, given by x 7→ (x : S1 →֒ M), sending each x ∈ H1(M)
to an embedding x : S1 →֒ M with a corresponding framing S1 × Rk+1 ⊂ Rk+2,
δνx : νx
⊕
ǫk ∼= ǫk+1. Then one has the isomorphism Arf : Ωfr2 = πs2 ∼= Z2, [M ] 7→
Arf(H1(M), λ, µ). In the particular case that M = S2 ⊔ −S2, we get H1(M) = 0
and Arf(H1(M), λ, µ) = 0, hence must necessarily be [M = S2 ⊔ −S2] = 0 ∈ Ωfr2 .
This agrees with the fact that Ωfr2 = Z2 = Ω2, and that both surfaces S
2 and −S2
belong to 0 ∈ Ω2 since are orientable ones.
Definition 4.38. An n-dimensional manifold V with boundary ∂V , is almost
framed if the open manifold V \ {pt} framed: (V \ {pt}) × Rk ⊂ Rn+k (for k
large enough).
Theorem 4.39 (Properties of almost framed manifold). 1) An almost framed man-
ifold V , with ∂V 6= ∅ is a framed manifold and a parallelizable manifold.
2) If V is an almost framed manifold with ∂V = ∅, then there is a framing ob-
struction
(47) o(V ) ∈ ker(J : πn−1(O)→ πsn−1)
in the sense that V is framed iff o(V ) = 0.
3) (Kervaire invariant for almost framed manifolds). Let (M,∂M) be a (4k + 2)-
dimensional almost framed manifold with boundary such that either ∂M = ∅ or
H•(M) = H•(S
4k+1), so that (H2k+1(M ;Z2), λ µ) is a nonsingular quadratic form
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over Z2. The Kervaire of M is defined in (48).
(48) Kervaire(M) = Arf(H2k+1(M ;Z2), λ µ).
One has the following propositions.
(i) If ∂M = ∅ and M = ∂N is the boundary of a (4k + 3)-dimensional almost
framed manifold N , then Kervaire(M) = 0 ∈ Z2.
(ii) The Kervaire of a manifold identifies a framed cobordism invariant, i.e., it
defines a map Kervaire : Ωfr4k+2 = π
s
4k+2 → Z2 that is 0 if k 6= 2i − 1.
(iii) There exist (4k+2)-dimensional framed manifolds M with Kervaire(M) = 1,
for k = 0, 1, 3, 7. For k = 0, 1, 3 can take M = S2k+1 × S2k+1.
4) (Kervaire-Milnor’s theorem on almost framed manifolds). Let us denote by Ωafrn
the cobordism group of closed n-dimensional almost framed manifolds. One has the
exact sequence in (49).
(49) Ωafrn
o // πn−1(O)
J // πsn−1
• For a 4k-dimensional almost framed manifold V one has the framing obstruction
reported in (50).29
(50) o(V ) = pk(V )/(ak(2k − 1)!)ker(J : π4k−1(O)→ πs4k−1)
= jkZ ⊂ π4k−1(O) = Z
 pk(V ) ∈ H
4k(V ) = Z (Pontryagin class)
ak =
{
1 for k ≡ 0 (mod 2)
2 for k ≡ 1 (mod 2)
}
jk = den (
Bk
4k )
5) (Kervaire-Milnor’s theorem on almost framed manifolds-2). Let Pn be the cobor-
dism group of n-dimensional framed manifolds with homotopy sphere boundary. (Pn
is called the n-dimensional simply-connected surgery obstruction group.) For n ≥ 4
Θn is finite, with the short exact sequence given in (51).
(51)
0 // coker (a : Ωafrn+1 → Pn+1)
b // Θn
c// ker(a : Ωafrn → Pn) // 0
and
ker(a) ⊆ coker (J : πn → πsn) = ker(o : Ωafrn → ππn−1(O)).
• In (52) are reported the calculated groups Pn.
(52)

P2n+1 = 0
Pn =

Z if n ≡ 0 (mod 4)
0 if n ≡ 1 (mod 4)
Z2 if n ≡ 2 (mod 4)
0 if n ≡ 3 (mod 4)

29For k = 1 one has j1 = 24; o(V ) = p1(V )/2 ∈ 24Z ⊂ π3(O) = Z.
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6) (Kervaire-Milnor’s braid n ≥ 5). For n ≥ 5 there is the exact commutative braid
diagram given in (53).
(53)
πn+1(G/PL) = Pn+1
((QQ
QQ
QQ
QQ
QQ
QQ
Q
b
((
πn(PL/O) = Θn
c
))SS
SS
SS
SS
SS
SS
SS
0
))
πn−1(O)
πn+1(G/O) = Ω
afr
n+1
a
55jjjjjjjjjjjjjjj
o
))TTT
TT
TT
TT
TT
TT
TT
T
πn(PL)
77nnnnnnnnnnnn
''PP
PP
PP
PP
PP
PP
πn(G/O) = Ω
afr
n
o
55llllllllllllll
a
((RR
RR
RR
RR
RR
RR
RR
πn(O)
66nnnnnnnnnnnnn
J
66
πn(G) = π
s
n = Ω
fr
n
55llllllllllllll
55
πn(G/PL) = Pn
In (53) the mappings a, b and c are defined in (54).
(54)
a : Ωafr2n → P2n, a(M) =
{
1
8σ(M) ∈ Z if n ≡ 0 (mod 2)
Kervaire(M) ∈ Z2 if n ≡ 1 (mod 2)
}
∈ P2n.
b : P2n → Θ2n−1, b(M) = plumbing construction Σ = ∂M .
c : Θn → Ωafrn , c(Σ) = [Σ] ∈ Ωafrn
The image of b is denoted bPn ⊳ Θn−1. Then if Σ ∈ bPn, then Σ = ∂V , where V
is a n-dimensional framed differentiable manifold. Furthermore, by considering the
mapping c as c : Θn → πn(G/O), it sends an n-dimensional exotic sphere Σ to its
fibre-homotopy trivialized stable normal bundle.
7) (Kervaire-Milnor’s braid n = 4k + 2 ≥ 5). For n = 4k + 2 ≥ 5 the exact
commutative braid diagram given in (53) becomes the one reported in (55).
(55) P4k+3 = 0
''PP
PP
PP
PP
PP
PP
b
''
Θ4k+2
c
''NN
NN
NN
NN
NN
N
0
''
π4k+1(O)
c
''OO
OO
OO
OO
OO
O
''
J
''
π4k+1(G)
π4k+2(PL)
88ppppppppppp
&&NN
NN
NN
NN
NN
N
π4k+2(G/O)
a
''OO
OO
OO
OO
OO
OO
o
77ooooooooooo
π4k+1(PL)
88ppppppppppp
&&NN
NN
NN
NN
NN
N
π4k+2(O) = 0
77nnnnnnnnnnn
J
77
π4k+2(G)
77ppppppppppp
K
77
P4k+2 = Z2
77ooooooooooo
b
77
Θ4k+1
K is the Kervaire invariant on the (4k + 2)-dimensional stable homotopy group of
spheres
(56)
{
K : π4k+2(G) = π
s
4k+2 = lim−→
j
πj+4k+2(S
j)
= Ωfr4k+2 → P4k+2 = Z2.
• K is the surgery obstruction: K = 0 iff every (4k+2)-dimensional framed differ-
entiable manifold is framed cobordant to a framed exotic sphere.
• The exotic sphere group Θ4k+2 fits into the exact sequence (57).
(57) 0 // Θ4k+2 // π4k+2(G)
K
// Z2 // ker(π4k+1(PL)→ π4k+1(G)) // 0
• a : π4k+2(G/O) → Z2 is the surgery obstruction map sending a normal map
(f, b) :M → S4k+2 to the Kervaire invariant of M .
• b : P4k+2 = Z2 → Θ4k+1 sends the generator 1 ∈ Z2 to the boundary b(1) =
Σ4k+1 = ∂W of the Milnor plumbing W of two copies of TS2k+1 using the standard
rank 2 quadratic form
(
1 1
0 1
)
over Z with Arf invariant 1. The subgroup bP4k+2⊳Θ4k+1
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represents the (4k+1)-dimensional exotic spheres Σ4k+1 = ∂V that are boundaries
of framed (4k + 2)-dimensional differentiable manifolds V .
If k is such that K = 0 (e.g. k = 2) then bP4k+2 = Z2 ⊳ Θ4k+1 and if Σ
4k+1 =
1 ∈ bP4k+2, then the (4k + 2)-dimensional manifold M = V
⋃
Σ4k+1 D
4k+2 is a PL
manifold without a differentiable structure.
• For any k ≥ 1 the following propositions are equivalent.
(i) K : π4k+2(G) = π
s
4k+2 → Z2 is K = 0.
(ii) Θ4k+2 ∼= π4k+2(G).
(iii) ker(π4k+1(PL)→ π4k+1(G)) ∼= Z2.
(iv) Every simply-connected (4k+2)-dimensional Poincare´ complex X with a vector
bundle reduction ν˜x : X → BO of the Spivak normal fibration νx : X → BG is
homotopy equivalent to a closed (4k + 2)-dimensional differentiable manifold.
Theorem 4.40 (Pontrjagin, Thom, Kervaire-Milnor). 1) Let bPn+1 denote the
set of those h-cobordism classes of homotopy spheres which bound parallelizable
manifolds.30 For n 6= 3, there is a short exact sequence
(58) 0 // bPn+1 // Θn // Θn/bPn+1 // 0
where the left hand group is finite cyclic. Furthermore, there exists an homomor-
phism J : πn(SO) → πsn such that Θn/bPn+1 injects into πsn/J(πn(SO)) via the
Pontrjagin-Thom construction. When n 6= 2j − 2, the right hand group is isomor-
phic to πsn/J(πn(SO)).
2) If Σn bounds a parallelizable manifold, it bounds a parallelizable manifold W
such that πj(W ) = 0, j < n/2.
3) For any k ≥ 1, bP2k+1 = 0.
Proof. For any manifoldM with stably trivial normal bundle with framing ϕ, there
is a homotopy class p(M,ϕ), depending on the framed cobordism class of (M,ϕ). If
p(M) ⊂ πsn is the set of all p(M,ϕ) where ϕ ranges over framings of the normal bun-
dle, it follows that 0 ∈ p(M) iffM bounds a parallelizable manifold. (This is a result
by Pontrjagin and Thom.) In particular, the set p(Sn) has an explicit description.
More precisely, the Whitehead J-homomorphism : πn(SO(r)) → πn+r(Sr) is de-
fined by J : (α : Sn → SO(r)) 7→ (J(α) : Sn+r → Sr) that is the Pontrjagin-Thom
map of Sn ⊂ Sn+r, with the framing bα : Sn×Dr ⊂ Sn+r = Sn×Dr
⋃
Dn+1×Sr−1,
(x, y) 7→ (x, α(x)(y)). Therefore, the map J(α) : Sn+r → Sr, is obtained by con-
sidering Sn+r = (Sn × Dr)⋃(Dn+1 × Sr−1) and sending (x, y) ∈ Dn × Dr to
α(x)y ∈ Dr/∂Dr = Sr and Dn+1×Sr−1 to the collapsed ∂Dr. Then J : πn(SO) =
lim
−→r
πn(SO(r)) → lim−→r πn+r(S
r) = πsn is the stable limit of the maps J(α) as r →∞,
and p(Sn) is the image J(πn(SO)) ⊂ πsn = Ωfrn , hence one has that to α there
corresponds the framed cobordism class (Sn, bα). 
The characterization of global solutions of a PDE Ek ⊆ Jkn(W ), in the category
M∞, can be made by means of its integral bordism groups Ω
Ek
p , p ∈ {0, 1, . . . , n−1}.
Let us shortly recall some fundamental definitions and results about.
30 bPn+1 is a subgroup of Θn. If Ξ1,Ξ2 ∈ bPn+1, with bounding parallelizable manifolds W1
and W2 respectively, then Ξ1♯Ξ2 bounds the parallelizable manifold W1♯W2, (commutative sum
along the boundary).
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Definition 4.41. Let fi : Xi → Ek, fi(Xi) ≡ Ni ⊂ Ek, i = 1, 2, be p-dimensional
admissible compact closed smooth integral manifolds of Ek. The admissibility re-
quires that Ni should be contained into some solution V ⊂ Ek, identified with a
n-chain, with coefficients in A. Then, we say that they are Ek-bordant if there ex-
ists a (p+ 1)-dimensional smooth manifolds f : Y → Ek, such that ∂Y = X1 ⊔X2,
f |Xi = fi, i = 1, 2, and V ≡ f(Y ) ⊂ Ek is an admissible integral manifold of Ek
of dimension (p + 1). We say that Ni, i = 1, 2, are Ek-bordant if there exists a
(p+1)-dimensional smooth manifolds f : Y → Jkm|n(W ), such that ∂Y = X1 ⊔X2,
f |Xi = fi, i = 1, 2, and V ≡ f(Y ) ⊂ Jkn(W ) is an admissible integral manifold of
Jkn(W ) of dimension (p + 1). Let us denote the corresponding bordism groups by
ΩEkp and Ωp(Ek), p ∈ {0, 1, . . . , n − 1}, called respectively p-dimensional integral
bordism group of Ek and p-dimensional quantum bordism group of Ek. There-
fore these bordism groups work, for p = (n − 1), in the category of manifolds
that are solutions of Ek, and (J
k
n(W ), Ek). Let us emphasize that singular solu-
tions of Ek are, in general, (piecewise) smooth manifolds into some prolongation
(Ek)+s ⊂ Jk+sn (W ), where the set, Σ(V ), of singular points of a solution V is a
non-where dense subset of V . Here we consider Thom-Boardman singularities, i.e.,
q ∈ Σ(V ), if (πk,0)∗(TqV ) 6∼= TqV . However, in the case where Ek is a differential
equation of finite type, i.e., the symbols gk+s = 0, s ≥ 0, then it is useful to include
also in Σ(V ), discontinuity points, q, q′ ∈ V , with πk,0(q) = πk,0(q′) = a ∈ W , or
with πk(q) = πk(q
′) = p ∈ M , where πk = π ◦ π(k, 0) : Jkn(W ) → M . We denote
such a set by Σ(V )S , and, in such cases we shall talk more precisely of singular
boundary of V , like (∂V )S = ∂V \ Σ(V )S. Such singular solutions are also called
weak solutions.
Remark 4.42. Let us emphasize that weak solutions are not simply exotic solu-
tions, introduced in Mathematical Analysis in order to describe ”non-regular phe-
nomena”. But their importance is more fundamental in a theory of PDE’s. In fact,
by means of such solutions we can give a full algebraic topological characterization
of PDE’s. This can be well understood in Theorem 4.44 below, where it is shown the
structural importance played by weak solutions. In this respect, let us, first, define
some notation to distinguish between some integral bordisms group types.
(59) 0

0

0

0 // K
Ek
n−1,w/(s,w)

// KEkn−1,w

// KEkn−1,s,w

// 0
0 // KEkn−1,s

// ΩEkn−1

// ΩEkn−1,s

// 0
0 // ΩEkn−1,w

// ΩEkn−1,w

// 0
0 0
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Definition 4.43. Let ΩEkn−1, (resp. Ω
Ek
n−1,s, resp. Ω
Ek
n−1,w), be the integral bordism
group for (n−1)-dimensional smooth admissible regular integral manifolds contained
in Ek, borded by smooth regular integral manifold-solutions, (resp. piecewise-smooth
or singular solutions, resp. singular-weak solutions), of Ek.
Theorem 4.44. Let Ek ⊂ Jkn(W ) be a PDE on the fiber bundle π :W →M , with
dim(W ) = m+ n and dimM = n.
1) One has the exact commutative diagram (59). Therefore, one has the canonical
isomorphisms:
(60)
{
KEkn−1,w/(s,w)
∼= KEkn−1,s; ΩEkn−1/KEkn−1,s ∼= ΩEkn−1,s;
ΩEkn−1,s/K
Ek
n−1,s,w
∼= ΩEkn−1,w; ΩEkn−1/KEkn−1,w ∼= ΩEkn−1,w.
If Ek is formally integrable, then one has the following isomorphisms:
(61) ΩEkn−1
∼= ΩE∞n−1 ∼= ΩE∞n−1,s; ΩEkn−1,w ∼= ΩE∞n−1,w.
2) Let Ek ⊂ Jkn(W ) be a quantum super PDE that is formally integrable, and
completely integrable. We shall assume that the symbols gk+s 6= 0, s = 0, 1. (This
excludes the case k = ∞.) Then one has the following isomorphisms: ΩEkp,s ∼=
ΩEkp,w
∼= Ωp(Ek), with p ∈ {0, . . . , n− 1}.
3) Let Ek ⊂ Jkn(W ) be a PDE, that is formally integrable and completely integrable.
One has the following isomorphisms: ΩEkn−1,w
∼= Ωn−1(Ek) ∼= ΩEk+hn−1,w ∼= ΩE∞n−1,w ∼=
Ωn−1,w(Ek+h) ∼= Ωn−1(E∞).
Proof. See [41, 51]. 
In order to distinguish between manifolds V representing singular solutions, where
Σ(V ) has no discontinuities, and integral manifolds where Σ(V ) contains disconti-
nuities, we can also consider ”conservation laws” valued on integral manifolds N
representing the integral bordism classes [N ]Ek ∈ ΩEkp .
Definition 4.45. Set
(62)
{
I(Ek) ≡
⊕
p≥0
Ωp(Ek)∩d
−1(CΩp+1(Ek))
dΩp−1(Ek)⊕{CΩp(Ek)∩d−1(CΩp+1(Ek))}
≡⊕p≥0 I(Ek)p.
Here CΩp(Ek) denotes the space of all Cartan quantum p-forms on Ek. Then
we define integral characteristic numbers of N , with [N ]Ek ∈ ΩEkp , the numbers
i[N ] ≡< [N ]Ek , [α] >∈ R, for all [α] ∈ I(Ek)p.
Then, one has the following theorems.
Theorem 4.46. Let us assume that I(Ek)
p 6= 0. One has a natural homomor-
phism:
(63)
{
j
p
: ΩEkp → Hom(I(Ek)p;R), [N ]Ek 7→ jp([N ]Ek),
j
p
([N ]Ek)([α]) =
∫
N α ≡< [N ]Ek , [α] > .
Then, a necessary condition that N ′ ∈ [N ]Ek is the following: i[N ] = i[N ′], ∀[α] ∈
I(Ek)
p. Furthermore, if N is orientable then above condition is sufficient also in
order to say that N ′ ∈ [N ]Ek .
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Proof. See [37, 38, 41, 42]. 
Corollary 4.47. Let Ek ⊆ Jkn(W ) be a PDE. Let us consider admissible p-dimensional,
0 ≤ p ≤ n − 1, orientable integral manifolds. Let N1 ∈ [N2]Ek ∈ ΩEkp , then
there exists a (p + 1)-dimensional admissible integral manifold V ⊂ Ek, such that
∂V = N1 ⊔ N2, where V is without discontinuities iff the integral numbers of N1
and N2 coincide.
Above considerations can be generalized to include more sophisticated solutions of
PDEs.
Definition 4.48. Let Ek ⊂ Jkn(W ) be a PDE and let B be an algebra. Let us
consider the following chain complex (bar chain complex of Ek): {C¯•(Ek;B), ∂},
induced by B on the corresponding bar chain complex of Ek, i.e., {C¯•(Ek;B), ∂}.
(See refs.[37, 38, 41].) More precisely C¯p(Ek;B) is the free two-sided B-module of
formal linear combinations with coefficients in B,
∑
λici, where ci is a singular
p-chain f : △p → Ek, that extends on a neighborhood U ⊂ Rp+1, such that f on U
is differentiable and Tf(△p) ⊂ Ekn, where Ekn is the Cartan distribution of Ek.
Theorem 4.49. The homology H¯•(Ek;B) of the bar chain complex of Ek is iso-
morphic to (closed) bar integral singular (p)-bordism groups, with coefficients in
B, of Ek:
BΩ¯Ekp,s
∼= H¯q(Ek;B) ∼= (Ω¯Ekp,s ⊗R B), p ∈ {0, 1, . . . , n− 1}. (If B = R we
omit the apex B). The relation between closed bordism and bordism, is given by the
following unnatural isomorphism:31
(64) Bor•(Ek;B) ∼= BΩ•|•,s(Ek)
⊕
Cyc•(Ek;B).
Proof. It follows from above results, and the following exact commutative diagram
naturally associated to the bar quantum chain complex of Ek.
(65)
0

0

0 // B¯•(Ek;B)

// Z¯•(Ek;B)

// H¯•(Ek;B) // 0
C¯•(Ek;B)

C¯•|•(Ek;B)

0 // BΩ•,s(Ek) // B¯or•(Ek;B)

// C¯yc•(Ek;B)

// 0
0 0
31Note that if X is a compact space with boundary ∂X, the boundary of X×I, I ≡ [0, 1] ⊂ R,
is ∂(X×I) = (X×{0})
⋃
(∂X×I)
⋃
(X×{1}) ≡ X0
⋃
P
⋃
X1, with X0 ≡ X×{0}, X1 ≡ X×{1},
P ≡ ∂X × I. One has ∂P = (∂X ×{0})
⋃
(∂X ×{1}) = ∂X0
⋃
∂X1. On the other hand, whether
X is closed, then ∂(X × I) = X0
⋃
X1. Furthermore we shall denote by [N ]Ek the equivalence
class of the integral admissible bordism of N ⊂ Ek, even if N is not necessarily closed. So, if N
is closed one has [N ]Ek ∈
BΩ
Ek
•,s , and if N is not closed one has [N ]Ek ∈ B¯•(Ek;B).
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where B¯•(Ek;B) = ker(∂|C¯•|•(Ek;B)), Z¯•(Ek;B) = im (∂|C¯•(Ek;B)), H¯•(Ek;B) =
Z¯•(Ek;B)/B¯•(Ek;B). Furthermore,
b ∈ [a] ∈ B¯or•(Ek;B)⇒ a− b = ∂c, c ∈ C¯•(Ek;B),
b ∈ [a] ∈ C¯yc•(Ek;B)⇒ ∂(a− b) = 0,
b ∈ [a] ∈ AΩ•,s(Ek)⇒
{
∂a = ∂b = 0
a− b = ∂c, c ∈ C¯•(Ek;B)
}
.
Furthermore, one has the following canonical isomorphism: BΩ•,s(Ek)
∼= H¯•(Ek;B).
As C¯•(Ek;B) is a free two-sided projective B-module, one has the unnatural iso-
morphism: B¯or•(Ek;B) ∼= BΩ•,s(Ek)
⊕
C¯yc•(Ek;B). 
The spaces of conservation laws of PDEs, identify Hopf algebras. (Hopf algebras
considered here are generalizations of usual Hopf algebras [38].)
Definition 4.50. The full space of p-conservation laws, (or full p-Hopf algebra),
of Ek is the following one: Hp(Ek) ≡ RΩ
Ek
p . We call full Hopf algebra, of Ek, the
following: Hn−1(E∞) ≡ RΩ
E∞
n−1 .
Definition 4.51. The space of (differential) conservation laws of Ek ⊂ Jkn(W ), is
Cons(Ek) = I(E∞)
n−1.
Theorem 4.52. The full p-Hopf algebra of a PDE Ek ⊂ Jkn(W ) has a natural
structure of Hopf algebra (in extended sense). Furthermore, the space of conserva-
tion laws of Ek has a canonical representation in Hn−1(E∞).
Proof. See [37, 38]. 
Theorem 4.53. Set: Hn−1(Ek) ≡ RΩ
Ek
n−1 , Hn−1,s(Ek) ≡ RΩ
Ek
n−1,s , Hn−1,w(Ek) ≡
RΩ
Ek
n−1,w . One has the exact and commutative diagram reported in (66), that define
the following spaces: KEkn−1,w/(s,w), K
Ek
n−1,w, K
Ek
n−1,s,w, K
Ek
n−1,s.
(66) 0 0 0
0 K
Ek
n−1,w/(s,w)
oo
OO
KEkn−1,w
oo
OO
KEkn−1,s,w
oo
OO
0oo
0 K
Ek
n−1,s
oo
OO
Hn−1(Ek)oo
OO
Hn−1,s(Ek)oo
OO
0oo
0
OO
Hn−1,w(Ek)oo
OO
Hn−1,w(Ek)oo
OO
0oo
0
OO
0
OO
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More explicitly, one has the following canonical isomorphisms:
(67)

KEkn−1,w/(s,w)
∼= KK
Ek
n−1,s ;
K
Ek
n−1,w/K
Ek
n−1,s,w
∼= KK
Ek
n−1,w/(s,w) ;
Hn−1(Ek)/Hn−1,s(Ek) ∼= KEkn−1,s;
Hn−1(Ek)/Hn−1,w(Ek) ∼= KEkn−1,w∼= Hn−1,s(Ek)/Hn−1,w(Ek) ∼= KEkn−1,s,w.
Furthermore, under the same hypotheses of Theorem 4.44(2) one has the following
canonical isomorphism: Hn−1,s(Ek) ∼= Hn−1,w(Ek). Furthermore, we can repre-
sent differential conservation laws of Ek in Hn−1,w(Ek).
Proof. The proof follows directly for duality from the exact commutative diagram
(59). 
Definition 4.54. We define crystal obstruction of Ek the following quotient alge-
bra: cry(Ek) ≡ Hn((Ek)∞)/RΩn . We say that Ek is a 0-crystal PDE if cry(Ek) =
0.
Remark 4.55. An extended 0-crystal equation Ek ⊂ Jkn(W ) does not necessitate
to be a 0-crystal PDE. In fact Ek is an extended 0-crystal PDE if Ω
Ek
n,w = 0. This
does not necessarily imply that ΩEkn = 0.
Corollary 4.56. Let Ek ⊂ Jkn(W ) be a 0-crystal PDE. Let N0, N1 ⊂ Ek be two
closed compact (n − 1)-dimensional admissible integral manifolds of Ek such that
X ≡ N0 ⊔ N1 ∈ [0] ∈ Ωn. Then there exists a smooth solution V ⊂ Ek such that
∂V = X. (See also [51, 45, 46, 47, 48].)
Let us consider, now, the interaction between surgery and global solutions in PDE’s
of the category M∞. Since the surgery is a proceeding to obtain manifolds starting
from other ones, or eventually from ∅, in any theory of PDE’s, where we are
interested to characterize nontrivial solutions, surgery is a fundamental tool to
consider. We have just seen that integral bordism groups are the main structures
able to characterize global solutions of PDE’s. On the other hand surgery is strictly
related to bordism groups, as it is well known in algebraic topology. Therefore, in
this section, we shall investigate as integral surgery interacts with integral bordism
groups.
Definition 4.57. Let π : W → M be a smooth fiber bundle of dimension m + n
over a n-dimensional manifold M . Let Ek ⊂ Jkn(W ) be a PDE of order k for n-
dimensional submanifolds of W . Let N ⊂ Ek be an admissible integral manifold of
dimension p ∈ {0, 1, · · · , n − 1}. Therefore, there exists a solution V ⊂ Ek such
that N ⊂ V . An admissible integral i-surgery, 0 ≤ i ≤ n− 1, on N is the procedure
of constructing a new p-dimensional admissible integral manifold N ′:
(68) N ′ ≡ N \ Si ×Dp−1−i
⋃
Si×Sp−2−i
Di+1 × Sp−2−i
such that Di+1 × Sp−2−i ⊂ V . Here Y is the closure of the topological subspace
Y ⊂ X, i.e., the intersection of all closed subsets Z ⊂ X, with Y ⊂ Z.
Theorem 4.58. Let N1, N0 ⊂ Ek be two integral compact (non-necessarily closed)
admissible p-dimensional submanifolds of the PDE Ek ⊂ Jkn(W ), such that there
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is an admissible (p + 1)-dimensional integral manifold V ⊂ Ek, such that ∂V =
N0⊔N1. Then it is possible to identify an integral admissible manifold N ′1, obtained
from N1 by means of an integral i-surgery, iff N
′
1 is integral bording with N0, i.e.,
N ′1 ∈ [N0]Ek .
Proof. As it is well known N ′1 is bording with N0, i.e., there exists a (p + 1)-
dimensional manifold Y , with ∂Y = N0 ⊔ N ′1. More precisely we can take Y =
N0× I
⋃
Di+1 ×Dp−1−i. By the way, in order N ′1 should be integral admissible, it
is necessary that should be contained into a solution passing from N1. Then N
′
1 is
integral bording with N1, hence it is also integral bording with N0. 
Theorem 4.59 (Integral h-cobordism in Ricci flow PDE). The generalized Poincare´
conjecture, for any dimension n ≥ 1 is true, i.e., any n-dimensional homotopy
sphere M is homeomorphic to Sn: M ≈ Sn.
For 1 ≤ n ≤ 6, n 6= 4, one has also that M is diffeomorphic to Sn: M ∼= Sn. But
for n ≥ 7, it does not necessitate that M is diffeomorphic to Sn. This happens
when the Ricci flow equation, under the homotopy equivalence full admissibility
hypothesis, (see below for definition), becomes a 0-crystal.
Moreover, under the sphere full admissibility hypothesis, the Ricci flow equation
becomes a 0-crystal in any dimension n ≥ 1.
Proof. Let us first consider the following lemma.
Lemma 4.60. Let N0, N1 ⊂ (RF ) be two space-like connected smooth compact
Cauchy manifolds at two different instant t0 6= t1, identified respectively with two
different Riemannian structures (M,γ0) and (M,γ1). Then one has N0 ≅ N1.
Proof. In fact this follows directly from the fact the diffeomorphisms (M,γi) ∼= Ni,
i = 0, 1, and from the fact that any Riemannian metric on M can be continuously
deformed into another one. More precisely we shall prove that there exists two
continuous functions f : N0 → N1 and h : N1 → N0, such that h ◦ f ≃ 1N0 and
f ◦ h ≃ 1N1 . Realy we can always find homotopies F,G : I × M → M , that
continuosly deform γ1 into γ0 and vice versa. More precisely F0 = idM , G0 = idM ,
F ∗1 γ1 = γ0, and G
∗
1γ0 = γ1. Therefore, we get G1 ◦ F1 ≃ G0 ◦ F0 = 1M and
F1 ◦G1 ≃ F0 ◦G0 = 1M . Thus we can identify f with F1 and h with G1. 
Lemma 4.61. Let N0, N1 ⊂ (RF )+∞ be two space-like, smooth, compact closed,
homotopy equivalent Cauchy n-manifolds, corresponding to two different times t0 6=
t1. Then N0 and N1, have equal all the the integral characteristic numbers.
Proof. Since we have assumed N0 ≅ N1, there are two mappings f : N0 → N1 and
h : N1 → N0, such that h◦f ≃ 1N0 and f ◦h ≃ 1N1. These mappings for functorial
property induce canonical homomorphisms between the groups πp(Ni), Hp(Ni),
Hp(Ni), i = 0, 1, that we shall simply denote by f∗ and h∗ or f
∗ and h∗ according
to respectively the direct or inverse character of functoriality. Then one has the
following properties f∗◦h∗ = 1, h∗◦f∗ = 1 and similarly for the controvariant cases,
i.e., f∗ ◦h∗ = 1, h∗ ◦ f∗ = 1. These relations means that the induced morphisms f∗
and f∗ are isomorphisms with inverse h∗ and h
∗ respectively. In other words one
has the isomorphisms πp(N0) ∼= πp(N1), Hp(Ni) ∼= Hp(Ni), Hp(Ni) ∼= Hp(Ni). As
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a by-product we get also the commutative diagram reported in (69).
(69) Hn(N0;R)×Hn(N0;R)
≀(f∗,(f
−1)∗)
<,>
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
R
Hn(N1;R)×Hn(N1;R)
<,>
66mmmmmmmmmmmmmm
Since Hn(Ni;R) ∼= R ∼= Hn(Ni;R), i = 0, 1, let the isomorphism f∗ be identified
with a non-zero number λ ∈ R \ {0}, then (f−1)∗ = 1/λ, and we get that <
f∗[N0], (f
−1)∗α >=< λ, µ/λ >= µ where µ is the number that represents the
n-differential form α. On the other hand one has < [N0], α >= 1.µ = µ. 
Lemma 4.62. Under the same hypotheses of Lemma 4.61, let us add that we
assume admissible only orientable Cauchy manifolds. Then N0 ∈ [N1] ∈ Ω(RF )+∞n .
In other words, N = ∂V , where V is a smooth solution, iff < [α], [N ] >= 0 for all
the conservation laws α.
Proof. If we assume admissible only orientable Cauchy manifolds, then the canon-
ical homomorphism jn : Ω
(RF )+∞
n → (I(RF )n+∞)∗ is injective, (see [37]), therefore
N0 ∈ [N1] ∈ Ω(RF )+∞n iff N0 and have equal all integral characteristic numbers. 
Since Lemma 4.62 is founded on the assumption that the space of conservation laws
of (RF ) is not zero, in the following lemma we shall prove that such an assumption
is true.
Lemma 4.63. The space I(RF )n+∞ ∼= E0,n1 of conservation laws of the (RF ) is not
zero. In fact any differential n-form given in (70) is a conservation law of (RF ).32
(70) ω = Tdx1 ∧ · · · ∧ dxn +Xp(−1)pdt ∧ dx1 ∧ · · · ∧ d̂xp ∧ · · · ∧ dxn
with
(71){
T = gijϕ
ij
Xp = κ
∫ (
Rij(g)ϕ
ij −Rij(ϕ) gij
)
dxp + cp
}
:
{
ϕij ,t − κRij(ϕ) = 0
gij,t + κRij(g) = 0
}
.
cp ∈ R are arbitrary constants and ϕij , 1 ≤ i, j ≤ n, are functions on R ×M ,
symmetric in the indexes, solutions of the equation given in (71).
Proof. Let us prove that dω|V = 0 for any solution V of (RF ). In fact, by a direct
calculation we get
(72) dω =
[
(gij,t + κRij(g))ϕ
ij + gij(ϕ
ij
,t − κRij(ϕ))
]
dt ∧ dx1 ∧ · · · ∧ dxn.
Therefore, the conservation laws in (70) are identified with the solutions of the
PDE given in (71) for ϕij . This is an equation of the same type of the Ricci flow
equation, hence its set of solutions is not empty. 
32E0,n1 is the spectral term, in the Cartan spectral sequence of a PDE Ek ⊂ J
k
n(W ), just
representing the conservation laws space of Ek. (See e.g., [37, 38, 42].)
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Now, let M belong to the same integral bordism class of Sn in (RF ): M ∈ [Sn] ∈
Ω
(RF )
n . It follows from Theorem 3.6 and Theorem 3.1, that M is necessarily home-
omorphic to Sn. However, if n ≥ 4, the smooth solution V such that ∂V = M ⊔Sn
does not necessitate to be a trivial h-cobordism. This happens iff the homotopy
equivalence f : M ≅ Sn is such that f ≃ 1Sn . (See Theorem 3.18.) This surely
is the case at low dimensions n = 1, 2, 3, 5, 6, and also for n = 4, if holds the
smooth Poincare´ conjecture. But for n ≥ 7 an homotopy sphere may have different
structures with respect to this property. (See Tab. 4, Lemma 4.25 and Lemma
4.26.) In fact it is well known that there are homotopy spheres characterized by
rational Pontrjagin numbers. Since rational Pontrjagin classes pq ∈ H4q(M ;Q) are
homeomorphic invariants, such manifolds cannot admit a differentiable structure,
taking into account the fact that the signature is a topological invariant. Such
homotopy spheres are obtained by gluing a disk Dn, along its boundary Sn−1, with
the boundary of a disk-Dq-fiber bundle over a sphere Sm, E → Sm, such that
q = n−m. When the (n− 1)-dimensional boundary ∂E is diffeomorphic to Sn−1,
gives to E˜ ≡ E⋃Dn a differentiable structure. But whether ∂E ≈ Sn−1, Σn can-
not, in general, have a differentiable structure, since it is characterized by rational
Pontrjagin numbers. Therefore there are exotic spheres, (for example Σn−1 ≡ ∂E),
that are homeomorphic, but not diffeomorphic to Sn−1. In such cases the solution
V of the Ricci flow equation such that ∂V = Σn−1 ⊔ Sn−1, cannot be, in general,
a trivial h-cobordism.
By conclusion we get that not all n-dimensional homotopy spheres M can, in gen-
eral, belong to the same integral boundary class of [Sn] ∈ Ω(RF )n , even if there exist
singular solutions V ⊂ (RF ) such that ∂V = M ⊔ Sn. In fact, it does not neces-
sitate, in general, that V should be a trivial h-cobordism, i.e., that the homotopy
equivalence between M and Sn should be a diffeomorphism of Sn isotopic to the
identity. This has, as a by-product, that in general M is only homeomorphic to
Sn but not diffeomorphic to Sn. In order to better understand this aspect in the
framework of PDE’s algebraic topology, let us first show how solutions with neck-
pinching singular points are related to smooth solutions. Recall the commutative
diagram in Theorem 2.24 in [37], here adapted in (73) to (RF )+∞ and in dimension
p = n.
(73) 0

Ω
(RF )+∞
n
jn

in // Ω
(RF )+∞
n,s
∼= H¯n((RF )+∞;R)

0 // (I((RF )+∞))∗ // (H¯n((RF )+∞;R))∗ // 0
There H¯n((RF )+∞;R) is the n-dimensional bar de Rham cohomology of (RF )+∞.
The isomorphism Ω
(RF )+∞
n,s
∼= H¯n((RF )+∞;R) is a direct by-product of the ex-
act commutative diagram in Definition 4.8(3) in [38]. Then, taking into account
that in solutions of (RF )+∞ cannot be present Thom-Boardman singularities, it
follows that solutions bording smooth Cauchy manifolds in the bordism classes of
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̂
Ω
(RF )+∞
n ≡ in(Ω(RF )+∞n ) ⊳ Ω(RF )+∞n,s , can have singularities of neck-pinching type.
(See Fig. 4(a).)
Figure 4. Neck-pinching singular solutions type, V , ∂V = M ⊔
Sn, in Ricci flow equations, with singular points p, q in (a) and r
in (b). In (b) is reported also a smooth solution V ′, bording M
and Sn as well as a neck-pinching singular solution V bording the
same manifolds.
From Corollary 2.5 in [37] it follows that if M is an homotopy sphere belonging
to the integral bordism class [Sn] ∈ ̂Ω(RF )+∞n , one has surely M ⊔ Sn = ∂V ′,
for some smooth solution V ′ of (RF ), but can be also M ⊔ Sn = ∂V for some
solution V ⊂ (RF )+∞ having some neck-pinching singularity. (See Fig. 4(b).) In
general V cannot be considered isotopic to V ′. However M is diffeomorphic to
Sn, (the diffeomorphism is that induced by the smooth solution V ′), and all the
singular points, in the neck-pinching singular solutions, bording M with Sn, are
”solved” by the smooth bordism V ′. Let us also emphasize that if an n-dimensional
homotopy sphere M ∈ [Sn] ∈ Ω(RF )+∞n , i.e., there exists a smooth solution V ⊂
(RF )+∞ such that ∂V = M ⊔ Sn, means that the characteristic flow on V is
without singular points, hence from Theorem 3.1 it follows that V ∼= M × I, and
V ∼= Sn × I, hence M ∼= Sn. If this happens for all n-dimensional homotopy
sphere, then Θn = 0 and vice versa. However, it is well known that there are
homotopy spheres of dimensions n ≥ 7 for the which Θn 6= 0. (For example
the Milnor spheres.) This is equivalent to say that π0(Diff+(S
n−1)) 6= 0, since
Θn ∼= π0(Diff+(Sn−1)) (Smale). This happens when there are homotopy spheres
that bound non-contractible manifolds. In fact, if there exists a trivial h-bordism V
bording Sn withM , thenW = V
⋃
Sn D
n+1 ∼= Dn+1 and ∂W = M . However, since
the conservation laws of (RF ) depend on a finite derivative order (second order), the
fact that all n-dimensional homotopy spheres have the same integral characteristic
numbers of the sphere Sn, implies that there are smooth integral manifolds bording
them at finite order. There the symbols of the Ricci flow equation, and its finite
order prolongations, are not trivial ones, hence in general such solutions present
Thom-Boardman singular points. As a by-product of Theorem 2.25 in [37], (see
also [38]), and Theorem 2.1, Theorem 2.12 and Theorem 3.6 in [41] between such
solutions, there are ones that are not smooth, but are topological solutions inducing
the homeomorphisms between M and Sn: M ≈ Sn. Therefore, if we consider
admissible in (RF ) only space-like Cauchy integral manifolds, corresponding to
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homotopy spheres, (homotopy equivalence full admissibility hypothesis), then one
has the short exact sequence (74).
(74) 0 // K(RF )n,s // Ω
(RF )
n
// Ω(RF )n,s = 0 // 0
We get
(75) Ω(RF )n
∼= K(RF )n,s = {[M ]|M = ∂V, V = singular solution of (RF )}
and M ∈ [Sn] ∈ Ω(RF )n iff M ∼= Sn. Furthermore, two n-dimensional homotopy
spheres ′Σn and Σn belong to the same bordism class in Ω
(RF )
n iff ′Σn ∼= Σn. There-
fore we get the following canonical mapping Γn → Ω(RF )n , [Σn]Γn 7→ [Σn]Ω(RF )n , such
that 0 {∈ Γn} 7→ [Sn]Ω(RF )n . (For n 6= 4, one can take Γn = Θn.) This mapping
is not an isomorphism. Therefore, in the homotopy equivalence full admissibility
hypothesis, and in the case that Γn = 0, we get that the Ricci flow equation be-
comes a 0-crystal PDE, so all homotopy spheres are diffeomorphic to Sn. This is
the case, for example, of n = 3, corresponding to the famous Poincare´ conjecture.
Finally, if we consider admissible in (RF ) only space-like Cauchy integral manifolds,
corresponding to manifolds diffeomorphic to spheres, (sphere full admissibility hy-
pothesis), then Ω
(RF )
n
∼= K(RF )n,s ∼= Ω(RF )n,s = 0 and one has cry(RF ) = 0, i.e. (RF )
becomes a 0-crystal for any dimension n ≥ 1.33 
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